ADM Lecturer: Be. Xiaolu Hou, Ph.D.

Tutorial 6

Bases and matrix operators

Question 1. Show that the following set of vectors forms a basis for R? and R3 respectively.

L{( 7). 6 0)

2.{(3, 1, —=4), (2, 5, 6)}, (1, 4, 8)

Solution.

e The determinant

2 1
‘3 0‘ =—-3#0.
thus, the set of vectors forms a basis for R2.
e The determinant
3 1 —4
25 6]=26+#0
1 4 8

thus, the set of vectors forms a basis for R3.

Question 2. Show that the following matrices form a basis for M 2.
1 3 6 0 -1 0 -8 1 0
\3 —6)7\-1 0 )" \—-12 —4)"\-1 2
9 11 1 -1 0 -1 10
“\1 1)7\0 0)/)"\1 0)"\0 O
Solution.

1. We must show that the matrices are linearly independent and span My,5. To prove linear
independence we must show that the equation

36), (0 -1, 0 -8 1 0y (0 0
alg )Tl o) T®{ 190 —4) Ty o) =0 0

has only the trivial solution. Expanding both sides and equating corresponding entries,
we obtain the following system of linear equations:

31 + ay
6oy — ag — 8ag =
31 — g — 1203 — gy =
—6a; —4as + 204 =

o O o O
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The coefficient matrix of the linear system is

3 0 0 1
6 -1 -8 0
A= 3 -1 =12 -1
-6 0 -4 2

Computing the determinant, we get det(A) = 48 # 0. Since the determinant is nonzero,
the system has only the trivial solution, which confirms that the matrices are linearly
independent.

. . b
To prove that the matrices span Msyyo we must show that every 2 x 2 matrix (i d) can

be expressed as

(s S)ra (S D) em(Ge 2D ra(l 9= 0)

This corresponds to a system of linear equations in the unknowns Sy, s, 03, B4 with the
same coefficient matrix A as before. Since we have computed that det(A) # 0, the
system always has a unique solution for any given values a,b,c,d. Consequently, the
given matrices span Msyo. Since the given set of matrices is both linearly independent
and spans My, it forms a basis for Myys.

2. Using a similar approach as in Part 1, we consider the coefficient matrix

1 1 0 1
1 -1 -1 0
A:1010
1 0 0 0

Computing its determinant, we obtain det(A) =1 # 0.

Question 3. In each part, show that the set of vectors is not a basis for R?
L{(2 -3 1), (4 1, 1), (0, -7, 1)}
2. {(L, 6, 4)}, (20 4 -1), (-1, 2, 5)

Solution.

e The determinant

2 =31
4 1 1]=0.
0 -7 1

Since the determinant is zero, the matrix is singular, implying that its column vectors
are linearly dependent. Consequently, the given set of vectors does not form a basis for

R3.
e The determinant
1 6 4
2 4 —1|=0,
-1 2 5

thus, the set of vectors is not a basis for R3.
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Question 4. Show that the following matrices do not form a basis for Myy.

a0 G2 Ga) G
G600 -6

demonstrates that the zero matrix can be expressed as a nontrivial linear combination of the
given matrices. This implies that the matrices are linearly dependent and, therefore, do not
form a basis for Myys.

Solution.

Question 5. Find the coordinate vector of w relative to the basis S = { w1, uy } for R2.
Lou =(2, —4),uy=(3, 8, w=(1, 1)
2. u = (1, 1), Uy = (O, 2), w = (a, b)

(
3. ulz(
(

4. u; =

Solution.

1. To find [w]g, we must find values a1, as, ag s.t.
avu tous =w= o (2, —4)+a (3, 8)=(1, 1)
Equating corresponding components gives

2@1 + 30&3 = 1

—4041 + 8@2 = 1
The augmented matrix of the system is
2 3|1
—4 811
which has reduced row echelon form
5
1 0] —
28)
3
0 1]|—
14
We have
_5 _3
WT oy Ty
Therefore
5
28
[w]s = g
14
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2. To find [w]g, we must find values oy, as, ag s.t.
alu +aus = W — Qo (1, 1) + Qi (0, 2) = (CL, b)

Equating corresponding components gives

ar+ay = a
20&2 = b
We have
20 — b b
= g = —.
aq 2 ) 2 2
Therefore
20— b
2
[w]s = )
2
3.
1
2
[w]s = )
2
4.
1
2
[w]s = .

Question 6. Find the coordinate vector of u relative to the basis S = { vy, v,, v3 } for R?
Lvi=(1, 0, 0),va=1(2, 2, 0),v3=(3, 3, 3),u=(2, -1, 3)

2.v1=(1, 2, 3),va=(—4, 5, 6),v3=(7, =8, 9),u= (5 —12, 3)

Solution.

1. u = 3v; — 2vy + v3, and

3
[uls = | —2
1
2. u = —2v; + v3, and
—2
[uls=1{ 0
1

Question 7. For each case, first show that the set S = { A;, As, A3, Ay } is a basis for Mayo,
then express A as a linear combination of the vectors in S, and then find the coordinate vector
of A relative to S.
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11 0 1 0 0 0 0 10
L A1:<1 1)’A2:(1 1>’A3:(1 1)’A4:<0 1)’A:(1 0)
10 11 10 0 0 6 2
2= ()= (o o) 4= (o )= (o) (6 5)

Solution.
1. To show S is a basis for Myys, we must show that S linearly independent and span Myyo».
To prove linear independence we must show that the equation

Ly, (0 Dy, {000y, (0 0)_ (00
My 1) 7%\ 1) 71 1) T\ 1) T Lo o

has only the trivial solution. Expanding both sides and equating corresponding entries,
we obtain the following system of linear equations:

o =
a; +ay =

a1+a2+a3 =

o O O O

oy +ayt+aztoy =

The coefficient matrix of the linear system is

1 000
1100
M_1110
1 111

Computing the determinant, we get det(M) = 1 # 0. Since the determinant is nonzero,
the system has only the trivial solution, which confirms that the matrices are linearly
independent.

. . b
To prove that the matrices span Msy o we must show that every 2 x 2 matrix (Z d) can

be expressed as

R (i R T R (R B

This corresponds to a system of linear equations with coefficient matrix M. Since
det(M) # 0, the system always has a unique solution for any given values a,b,c,d,
proving that the given matrices span Myyo. Since S is both linearly independent and
spans Moy, it forms a basis for Msyos.

Let (i b) = (1 0), we get the following system of linear equations in unknowns

d 10
B1, Bay B3, Ba
B =1
fr+p = 0
fr+pa+ P = 1
Bi+Ba+Bs+Ps = 0

Solving the system gives

/81:]-7 62:_]-7 63:17 64:_1
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Thus, A can be expressed as
A:Al—A2+A3—A4

Therefore, the coordinate vector of A relative to .S is

2. The proof follows a similar argument as in Part 1. In this case, the coefficient matrix is

1110
0100
M_l()()l
0010

which has determinant det(M) = —1. Furthermore,

A = 1A1 +2A2+3A3+4A4

and

= W DN =

Question 8. In each part, let T4 : R* — R? be multiplication by A, and let { e, es, e3}
be the standard basis for R3. Determine whether the set { Ta(e;), Ta(esz), Ta(es) } is linearly
independent in R3

1 1 1
. A= 0 1 -3
-1 2 0
1 1 2
22 A=10 11
-1 2 1

Solution. Since T4(e;) is equal to the ith column of A, the set { Ta(e1), Ta(es), Tales) } is
linearly independent in R? iff det(A) # 0

1. det(A) = 10 # 0, the set { T(e1), Ta(ez), Ta(es) } is linearly independent in R3

2. det(A) =0, the set { Ta(e;), Ta(es), Ta(es) } is linearly dependent in R3

Question 9. In each part, let T4 : R* — R? be multiplication by A, and let w = (1, -2, —1).
Find the coordinate vector of T4 (u) relative to the basis S = { (1, 1, 0), (O, 1, 1), (1, 1, 1) }
for R3.
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2
.A=1(1 1 1
0

10
2. A=11 0 1
01

0
Solution.
1.
2 -1 0 1 4
Tau)=Au" =1 1 1] |-2]=1]-2
0 -1 2} \~1 0

By solving for aq, as, a3 in
(1, 1, 0)+a2(0, 1, 1)+az(1, 1, 1)=(4, =2, 0),

we get
Ta(u) =—2(1, 1, 0)—6(0, 1, 1)+6(1, 1, 1)

Hence the coordinate vector is given by

-2
[Ta(u)ls = | —6
6
2.
-2 1
TA(’U,) = 0 s [TA(’U,)]S = 2
-1 -3

Question 10. Find a basis for the solution space of the homogeneous linear system, and find
the dimension of that space
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1 2.
T1+To— T3 = 0 3$1+$2+$3+$4 = 0
—2I1 — To + 2?[)3 =0 51’1 — T + T3 — Ty =
—X1 + Tr3 = 0
3 4.
2[E1 + o + 31’3 =0 Ty — 31’2 + r3 = 0
r1+5x3 = 0 201 — 629+ 223 = 0
To+ T3 = 0 3[[1 — 9272 + 3333 =
5) 6.
x1—4x2+3x3—x4 = 0 r+y+=z 0
21‘1 — 8(172 + 6[L’3 — 21’4 =0 3x + 2y -2z =0
de+3y—z = 0
6r+5y+z = 0
Solution.
1 0 —-1]0
1. The reduced row echelon form of the augmented matrixis [0 1 0 |0 |. The solution
00 010

is given by
(xl, Ta, 933) = (t, 0, t) = t(l, 0, 1)
Thus the solution space is equal to span({(l, 0, 1)}) and has dimension 1

2. The reduced row echelon form of the augmented matrix is

10 0]0

The solution is given by

2 2
(3317 T2, T3, 554):(—7t, —s—%, t, s>:t<—— —%, 1, O>+S(O, -1, 0, 1)

A basis for the solution space is

(2490 0]

and the solution space has dimension 2.

3. The reduced row echelon form of the augmented matrix is

1
0
0

S = O

0
0
1

o O O
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The system has only the trivial solution. The solution space is the zero vector space and
has dimension zero.

4. The reduced row echelon form of the augmented matrix is

1 =3 10
0 0 010
0 0 01]0

The solution is given by
(z1, @2, x3) = (3t—s, t, s)=t(3, 1, 0)+s(=1, 0, 1)
A basis for the solution space is
{3, 1, 0), (-1, 0, 1)}
and the solution space has dimension 2.

5. The reduced row echelon form of the augmented matrix is
1 -4 3 —-110
0 0 0 010/
The solution is given by

(z1, @2, @3, x4)= (4 —3s+r t, s, r)=t(4, 1, 0, 0)+s(=3, 0, 1, 0)
+r(1, 0, 0, 1)

A basis for the solution space is
{(4, 1, 0, 0), (=3, 0, 1, 00}, (1, 0, 0, 1)
and the solution space has dimension 3.

6. The reduced row echelon form of the augmented matrix is

1 0 —40
01 510
00 010
00 010

The solution is given by
(z1, w2, w3) = (4, —5t, t)=t(4, =5, 1)
A basis for the solution space is

{4 -5 1)

and the solution space has dimension 1.

Question 11. In each part, find a basis for the given subspace of R3, and sate its dimension
1. The plane 3x — 2y 4+ 5z = 0.

2. The plane x —y = 0.
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3. The line x = 2t, y = —t, z = 4t.

4. All vectors of the form (a, b, c), where b = a + c.

Solution.

1. The points in the plane are of the form

2t 5s 2 )
) ) =\5 = o ’ =1 ) 17 ) ) 1
(x Y z) <3 5 t s) (3 0)+s( 5 0 )
A basis for the plane is:
2 5
-1, 0), |—=, 0, 1
{ (3’ ’ ) ( 3 ) }

Since the basis consists of two vectors, the dimension is 2.
2. The points in the plane are of the form
(z, y, 2)=( t s)=t(1, 1, 0)+s(0, 0, 1)

A basis for the plane is:
{1, 1, 0), (0, 0, 1)}

Since the basis consists of two vectors, the dimension is 2.
3. The points on the line if of the form
(z, y, z)=(2t, —t, 4)=1t(2, -1, 4)

A basis for the line is:

The dimension is 1.
4. A vector of the form (a, b, c) where b = a + ¢ can be rewritten as:
(a, b, ¢)=(a, a+e¢, ¢)=a(l, 1, 0)+c(0, 1, 1).

Thus, a basis is:
{@, 1, 0), (0, 1, 1)}

The dimension is 2.

Question 12. In each part, find a basis for the given subspace of R?*, and state its dimension.
1. All vectors of the form (a, b, c, O).
2. All vectors of the form (a, b, c, d), where d =a+ b and ¢ =a — b.

c) All vectors of the form (a, b, c, d), where a = b=c=d.

Solution.

10
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1. We can express any vector in this subspace as
(a, b, ¢, 0)=a(l, 0, 0, 0)+b(0, 1, 0, 0)+c(0, 0, 1, 0)
Therefore, a basis for this subspace is:
{(@, o, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0)}

The dimension of the subspace is 3.

2. We can express any vector in this subspace as
(a, b, a=b, a+b)=a(l, 0, 1, 1)+b(0, 1, —1, 1)
Therefore, a basis for this subspace is:
{(@ o0 1, 1), (0, 1, -1, 1)}

The dimension of the subspace is 2.

3. We can express any vector in this subspace as
(a, a, a, a) =a (1, 1, 1, 1)
Therefore, a basis for this subspace is:

{(@ 1, 1, 1)}

The dimension of the subspace is 1.

Question 13. Show that the matrices
10 0 1 0 0 00
(o n) (o) = (00) =)
form a basis for Myys.

Solution. We must show that the matrices are linearly independent and span Msys. To prove
linear independence we must show that the equation

OélMl + OCQMQ + OZ3M3 + Oé4M4 =0

has only the trivial solution. To prove that the matrices span Msyo we must show that every

2 X 2 matrix
a b
5= (0 1)

51M1 + BZMZ -+ B3M3 + 54]\/[4 = B

The matrix forms for the two equations are

10 0 1 00 00 00
0‘1(0 o)+o‘2<o 0>+0‘3<1 o)““(o 1):<o 0)
51((1) g)+@2(g (1)>+53((1) 8)+54(8 ?):(‘; Z)

can be expressed as

and

11
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which can be rewritten as

(e a)=G o) = (%)= o)
Since the first equation has only the trivial solution
ar=ay=a3=aoa4 =10
the matrices are linearly independent, and since the second equation has the solution
Bi=a, Pa=b Bz=c, ps=d

the matrices space Msyyo. This proves that the matrices My, My, M3 and M, form a basis for
J\/E2><2-
More generally

Definition 1 The mn different matrices whose entries are zero except for a single entry of 1
form a basis for M,,x, called the standard basis for Mpy;yp, .

Question 14. Find the dimension of each of the following vector spaces.

1. The vector space of all diagonal n X n matrices.
2. The vector space of all symmetric n X n matrices.
3. The vector space of all upper triangular n x n matrices.

4. The vector space of all lower triangular n x n matrices.

Solution. Let E;; denote the n x n matrix with a 1 in the (i,7)—entry and 0 elsewhere, for
1<i,j<n.

1. The vector space of all diagonal n x n matrices.

A diagonal matrix A is of the form

a1 0 0o --- 0
0 ag 0 ---

A= : - : = a1 By +agly + -+ appn By,
0O 0 0 nm

Therefore, a basis for the vector space of diagonal matrices is given by the set:
{E117 E227 ceey Enn}
The dimension of this vector space is n.

2. A symmetric matrix A satisfies AT = A, meaning that a;; = a;; for all 4,j. It has the

form
@11 A2 @13 - Qin
Q12 Q22 Q23 -:° Q2 n n—1 n
A= | Q3 G223 G33 - (3p | = E ai oy + E E aij(Eij + Eﬂ)
: : : : i=1 i=1 j=i+1
A1p A2n A3n - App

12
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. . . . —1 . .
Therefore, a basis consists of n diagonal matrices E;; and n(n-1) symmetric matrices of

2
the form E;; + Ej; for ¢ < j which correspond to the "("T_l) entries above (or below) the
diagonal. The dimension of this vector space is

n(n+1)
—

3. An upper triangular matrix A satisfies a;; = 0 for all 7 > j, meaning it has the form

a1; a2 a3 -+ Qin
0 azx ax -+ ag n n
A= 0 0 aszs -+ as, | = E E az‘jEij
Poor i=1 j=i
0 0 0 - apn

) . 1
Therefore, a basis consists of %

vector space is

matrices E;; for ¢« < j, and the dimension of this

n(n+1)
—

4. A lower triangular matrix A satisfies a;; = 0 for all 7 < j, meaning it has the form

a1 0 0 tee 0
az1 azp 0 - 0 no i
A=|as azx a3 --- 0 | = Z a;j Fyj
. . . . : i=1 j=1

Gp1 Ap2 Gp3 -+ Qpp
Therefore, a basis consists of @ matrices E;; for ¢« > j, and the dimension of this
vector space is

n(n+1)
5

Question 15. Find a standard basis vector in R? that can be added to the set {v;, v} to
produce a basis for R3.

Lov= (-1, 2, 3),vo=(1, 2, —2).

2.v1=(1, -1, 0),v2=(3, 1, —2).

Solution.

1. We observe that both vectors share the same y-coordinate, indicating that they lie in a
plane where the standard basis vector e, is linearly independent from them. To confirm
that {vq, vy, €2} forms a basis, we compute the determinant of the matrix whose columns
are these vectors:

-1 2 3
1 2 =21=1
1 0

13
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2. To determine a standard basis vector that can be added to v; and v, to form a basis of
R3, we compute the following determinants:

-1 0
1 =2| =4
0 1

— W

1 1
1 =21=2 |3 1 =-2=2, |3
0 O 0 0
Since all of these determinants are nonzero, it follows that any of the standard basis
vectors can be added to the set {vy, vy} to form a basis for R3.

Question 16. Find standard basis vectors for R* that can be added to the set {vi,vs} to
produce a basis for R*.

v = (1, =4, 2, =3), vy=(-3, 8 —4, 6)

Solution. To determine the necessary standard basis vectors, it suffices to find two standard
basis vectors that are not contained in span({v;,v2}). A vector belongs to span({vy, v2}) if and
only if it can be written as a linear combination of v; and vs. To identify which standard basis
vectors satisfy this condition, we construct the following augmented matrix, where the first two
columns represent v, and vs, and the last four columns correspond to the four standard basis
vectors

1 -3/100 0
-4 810100
2 —4/0 0 10
-3 6 (0 0 01
Performing row reduction, we obtain the reduced row echelon form:

1 0(-2 00 -1

01—100—1
3
00010—%
3

From the reduced matrix, we observe that e; is a linear combination of v and v, while es, e3, ey4
do not belong to span({v;,v3}). This means that any two of {es, e3, e4} can be added to the
set {vy, v} to produce a basis for R%.

Question 17. The vectors v, = (1, -2, 3) and vy = (0, 5, —3) are linearly independent.
Enlarge the set {v;,v5} to a basis for R3.

Solution. Following a similar approach to Question 16, we seek a standard basis vector to add
to the set {vy, vy} to form a basis for R?. To determine which standard basis vectors are not
contained in span({vy,v,}), we construct the following augmented matrix, where the first two
columns represent v, and v,, and the last three columns correspond to the three standard basis

vectors
1

0
-2 5
3 =3

O O =
O = O
_ o O

14
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Applying row reduction, we obtain the reduced row echelon form:

1 5
10/0 = =
39
010 L 2
39
1 5
00/1 —= -2
39

Since the last three columns remain pivot columns, this confirms that any standard basis vector
can be added to {v1, vy} to form a basis for R3.

Question 18. The vectors v, = (1, 0, 0, O) and vy = (1, 1, 0, O) are linearly indepen-
dent. Enlarge the set {v;,vs} to a basis for R*.

Solution. Observing that both v; and v, have zero entries in the third and fourth components,
we select the standard basis vectors e; and ey to add to the set {v;,v3}. To confirm that
the resulting set forms a basis for R*, we verify that the corresponding matrix is invertible by
computing its determinant

1 000
1100
0 01 0_17&0
0001

Since the determinant is nonzero, the set {vy,vs, €3, e,} forms a basis for R%.

Question 19. Consider the bases By = {u;, us} and By = {v;,v,} for R? where

wo) e (3) () ()
o) () () o)

1. Find the transition matrix from B, to B;

(a)

2. Find the transition matrix from B; to Bs

3. Compute the coordinate vector [w]p,, where

o= (%)

and compute [w|p, using the transition matrix from B; to By

4. Compute [w]p, directly

Solution.

15
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(a) Firstly, we express v; and vy as linear combinations of w; and wus

_13 2 - 1
'Ul—loul 5“2, Vo = 2“1

And w; and wusy as linear combinations of v; and vs

u; = —2v u——§v —Ev
1= 2, 2= 750 5 V2
We have
13 _5
10 -5 0 2
[v1]B, = 9| [va]B, = 02 , |uis, = (_2) , [ualp, = 13 |
5 2
1.
13 1
10 2
PBQ‘)Bl = 2
— 0
5)
2. .
0o ==
2
PBl—)BQ = 13
—9 _=
2
3.
17
10 —4
[w]Bl = ) [w]B2 = PB1—>32 [w}B1 = (_7>
8
5!

4. To find the coordinate vector for w relative to By, we solve for a1, i in the equation
a1V + QU2 = W,
This corresponds to the system of equations:

2000 — 3y = 3
Oél—|—4042 = -5

We obtain a; = —4, ag = —7. Thus

4 3 3

11 11 2 -3 3 11

PB1—>32 — 1 9 ) PBQ—>B1 - (1 4 ) ) [w]Bl - (_5> ) [w]BQ - 13
1111 11

Pp, ., |w]p, = [w]s,

16
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Question 20. Consider the bases By = {uy, us, uz} and By = {v,,v,,v3} for R?, where

(a)

2 2 1 3 1 —1
u, = 1 s Uy = -1 s U3z = 2 , v = 1 s Vo = 1 s V3 = 0
1 1 1 -9 -3 2
(b)
-3 -3 1 —6 -2
U = 0 s Ug = 2 s U3 = 6 s V) = —6 s Vo = —6 s V3 =
-3 -1 -1 0 4

1. Find the transition matrix from Bs to B;
2. Find the transition matrix from B; to Bs
3. Compute the coordinate vector [w]p,, where

-5
w=| 8
-5

and compute |w|p, using the transition matrix from B; to By

4. Compute [w]p, directly

Solution.

(a)

35 19 13 5)
-~ 2 2 9 =
2 2 2 3 2
PBQ*}BI - _B _E Z ) PB1~>BQ _2 _3 _ 9
2 2 2
-13 -7 5 5 1 6
_7
9 2
[wlp, = | -9, [wls=|23].
-5 2
6
(b)
0 4 17 3 3 1
3 6 4 4 12
3 3 3 17 17
Pp, B, = 5 5 3 , P B, = —Z _E _E
3 3 2 2
2 2 = 0 z z
2 2 2 3 3

17
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19
12
1 43
[w]Bl =11/, [w]B2 - _E
1
4
3

Question 21. Let By = {u;,us} and By = {vy,v2} be the bases for R?, where

w=(3) e () v (3) m= ()

An efficient way to compute the transition matrix Pg,_, g, is as follows
Step 1. Form the matrix (Bg ‘ Bl)

Step 2. Use elementary row operations to reduce the matrix in Step 1 to reduced row echelon
form

Step 3. The resulting matrix will be ([ ‘ PBl_>BQ)
Step 4. Extract the matrix Pp,_,p, from the right side of the matrix in Step 3

In diagram

row operations

(new basis | old basis) (1 | transition from old to new) (1)

1. Apply the above procedure to find the transition matrix Pg,_,p,
2. Apply the above procedure to find the transition matrix Pg, 5,

3. Confirm that Pp,_,p, and Ppg,_,p, are inverses of one another

4. Let w = ([1)) Find [w]p, and then use the matrix Ppg,_,p, to compute [w]p, from [w]p,
5. Let w = (?) Find [w]p, and then use the matrix Pp,_,p, to compute [w]p, from [w]g,

Solution.

1. Following the procedure, we first form the matrix
1 2|1 1
2 3|3 4

The reduced row echelon form of the matrix is

1 03 5
0 1|-1 -2
3 5
PBQ—)Bl = (_1 _2)

Thus the transition matrix

18
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2. Following the procedure, we first form the matrix
1 11 2
3 412 3

The reduced row echelon form of the matrix is

1 0] 2 5
0O 1/-1 -3
2 5
PB14>BQ = (_1 _3)

Thus the transition matrix

3.

Pp, 5, Pp,5, (21 _53) (_31 _52) - ((1) (1))
L () e (?
d.

Question 22. Let S be the standard basis for R?, and let B = {v,v5} be the basis in which

=) (2

1. Find the transition matrix Pg_,g by inspection
2. Use Formula (1) to find the transition matrix Ps_,p

3. Confirm that Pg_,¢ and Ps_,p are inverses of one another

4. Let w = (_53) Find [w]p and then use the matrix Pp_,s to compute [w]g from [w]p

5. Let w = (_35) Find [w]s and then use the matrix Ps_,p to compute |w]p from [w]s

Solution.

1. Since the columns of Pg_,g are given by the coordinate vectors of v; and v, relative to
the standard basis, which are themselves, we have

2 -3
2 3|10
1 410 1)°

2. We first form the matrix
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The reduced row echelon form of the matrix is

4 3
1 - =
I TRET
1 2
0 1|-—— =
11 11
Therefore
4 3
11 11
PSﬁ\B - 1 9
1111
3.
4 3
11 11| /2 -3 10
11 11
4.
1 5
wlo = () wls = Pastuln = (%)
5.
3
3 11
wls= (%), fwlo=Pesfuls= | 1
11

Question 23. Let S be the standard basis for R3, and let B = {v,vs,v3} be the basis in
which

V3

=NSEN
I
00 W w

1
v = 2 s Vo =
1

1. Find the transition matrix Pg_,g by inspection
2. Use Formula (1) to find the transition matrix Ps_,p

3. Confirm that Pg_,¢ and Ps_,p are inverses of one another

5
4. Let w = | =3 |. Find [w]p and then use the matrix Pg_,g to compute [w]g from [w]g
1
3
5. Let w = | =5 ]. Find [w]s and then use the matrix Ps_,p to compute [w]p from [w]g
0
Solution.
1 2 3
1. Ppos=12 5 3
1 08
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—40 16 9
2. Psp=| 13 -5 =3
5 =2 -1

3. PS%BPB%S =1

—239 5
4 [wlp=| 7 |, [wls= -3
30 1
3 —200
5 [UJ]S = -5 y [UJ]S = 64
0 25

Question 24. Let S = {ej, ey} be the standard basis for R?, and let B = {v1,vs} be the
basis that results when the vectors in S are reflected about the line y = z.

1. Find the transition matrix Pg_.g

2. Show that P ¢ = Ps_p

Solution.

1. The standard matrix for the reflection about the line y = x is given by

(10)

where the first column is the image of e; under the reflection operator and the second
column is the image of e; under the reflection operator. Thus v, = (0, 1), vy = (1, O)

Then
01

€1 = Uy, €y = Uy,

2. Since

we have Pg_,p = (? (1))

01
P;—>S:<1 O)ZPS%B

Question 25. Let S = {ej, ey} be the standard basis for R?, and let B = {v;,vs} be the
basis that results when the vectors in S are reflected about the line that makes an angle 6 with
the positive r—axis.

1. Find the transition matrix Pgp_.g

2. Show that Pg ¢ = Ps_.p

Solution.
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1. The standard matrix for the reflection about the line that makes an angle ¢ with the

positive x—axis is given by

cos20  sin 260

sin26 — cos 20
Thus v, = (cos 260, sin 20), vy = (sin 20, —cos 29), and

P _ (cos20  sin20
B=S 7 \¢in20 — cos?20

. To find Ps_, g, we first express the standard basis vectors e; and e, in terms of the basis
vectors v, and v,. That is, we solve for the scalars aq, as, 81, f2 in the equations:

e = v + vy, ey = B1vy + [Brvs.
Using trigonometric identities, we obtain the relationships:
e; = cos 20v; + sin 20v,, ey = sin 20w, — cos 20v,

Thus, the transition matrix from S to B is given by:

p ~ [cos20  sin20
S7B = \sin20 — cos?26

Furthermore,

T [cos20 sin20 \
Pps = (sin 20 —cos20) Ps-p.

Question 26. Find the domain and codomain of the transformation Ty (x) = Ax

1. Ae Mszxo 2. Ae Moy

3. Ae Maxs 4. Ae M6

5. A e M4><5 6. Ae M5><4

7. A€ M4><4 8. Ae M3><1
Solution.

1. Az € R3, thus T4 : R? — R3 - domain is R?, codomain is R?

2. TAZRS%RQ

3. TAIR?’—)RS

4.TA2R6—>R 5.TA2R5—>R4
6. Ty : R* - R® 7. Ty:R* - R*
8. T4:R— R3

Question 27. Find the domain and codomain of the transformation defined by the equations
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1 2.
wy = 4x; + dxo w, = dr1— TT9
Wy = $1—85L'2 Wy = 6£L‘1—|—$2
wy = 21’1 +3I2
3 4.
w, = T — 41‘2 + 81‘3 wp = 21’1 + 71’2 — 4?[73
Wy = —x1+ 4132 -+ 21’3 Wy = 4.1’1 - 3%2 + 21‘3
ws = —31’1 + 2.%2 — 5.173
Solution.
1. Domain: R%. Codomain: R? 2. Domain: R?. Codomain: R?
3. Domain: R?. Codomain: R? 4. Domain: R?. Codomain: R?

Question 28. Find the standard matrix for the transformation defined below

1 2.
wp = 2.1'1 — 3$2 + 3 wp = 75171 -+ 21}2 — 8.’13'3
Wo = 3.I‘1 + 5ZE2 — T3 Wy = —XT9+ 5ZL‘3
wsy = 41’1 + 71’2 — T3
4
T\ —I
3 r (.’L‘Q) N T+ 31’2
Ty — T2
1 Tx1 4+ 229 — T3+ T4
1. T = Tyt T
T3 2 3
Ty
0
T 0
5 T i) = 0
I3 0
0
Ty
6. T| =] =
T3
T2
Ty
Tr1 — I3
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Solution.
7 2 -8
1 @ _53 _11 2. [0 -1 5
4 7 =1
_01 (1) 8 7 2 -1 1
3. 4. 0 1 1 0
1 0 3 -1 0 0 O
1 =10
00 0 00 0 1
00 0 10 0 O
5. 6 00 1 0
0 00
00 0 01 0 O
10 -1 0
Question 29. Find Tx(x).
1 2 3
1.A_(3 4),:1;_(_2)
-1
-1 2 0
2 A:( >,w: 1
3 15 3
-2 1 4 1
3.A=13 5 7 |, x=|x
6 0 —1 xT3
-1 1
4. A= 2 4 ,m:(“)
78 2
Solution.
—1 3
L () 2 (1)
—2.1‘1 + T2 —+ 4.T3 — T —+ i)
3. 3.171 + 51’2 + 7ZE3 4. 21‘1 + 41‘2
6z, — 3 71 + 82

Question 30. The images of the standard basis vectors for R?® are given for a linear transfor-
mation 7' : R?* — R3. Find the standard matrix for the transformation, and find T'(x).

1 0 4 2
1. T(e1)=|3|,T(ea)=[0],T(es)=|-3|,z= |1
0 1 -1 0
2 -3 1 3
2.T(er)=|1],T(ex)=|-1]|,T(es)=|(0],z=1]2
3 0 2 1
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Solution.
1 0 4 2
1. [7T)=13 0 =3],T(x) =
01 -1
-3 1 1
2.T=(1 -1 0|, T(x)=1[ 1
0 2 11

Question 31. Use matrix multiplication to find the reflection of (—1, 2) about the

1. z—axis 2. y—axis 3. line y ==

Solution.

Question 32. Use matrix multiplication to find the reflection of (a, b) about the

1. z—axis 2. y—axis 3. liney ==

Solution.

Question 33. Use matrix multiplication to find the reflection of (2, -5, 3) about the

1. zy—plane 2. xz—plane 3. yz—plane
Solution.
10 0 2 2
.10 1 0 -5 =1-5
0 0 —1 3 -3
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1 0 0 2 2
2.0 -1 0 -5 =15

0 0 1 3 -3

-1 0 0 2 —2
3. 0 1 5] =1[-5

0 01 3 3

a
Question 34. Use matrix multiplication to find the reflection of | b | about the
c
1. zy-plane 2. xz-plane 3. yz-plane
Solution.

10 0 a a
.10 1 0 bl=1010

00 —1 —c

1 0 0 a a
2. 10 =1 0 =1-0b

0 0 1 c

-1 0 0 a —a
3. 0 10 =\| b

0 01

2
Question 35. Use matrix multiplication to find the orthogonal projection of ( ) onto the

-5

1. z-axis 2. y-axis
Solution.
1 10 2\ (2
“\0 0/)\-5) \oO
00 2 0
= (0 1) (55)- (%)

a

Question 36. Use matrix multiplication to find the orthogonal projection of ( b

) onto the

1. z-axis 2. y-axis
Solution.
1 1 0 a\ [(a
“\0 O b) \0O
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Question 37. Use matrix multiplication to find the orthogonal projection of | 1

1. zy-plane

Solution.

1

—_
o O

—_

o

w
o O O

Question 38. Use matrix multiplication to find the orthogonal projection of | b

1. zy-plane

Solution.

1
1. 10
0

[\
o O =

w
o O O

e} o =

—_

> (1) ()=

()

onto the

2. xz-plane 3. yz-plane

a
onto the
c

2. xz-plane 3. yz-plane

Question 39. Use matrix multiplication to find the image of the vector (_3 4) when it is

rotated about the origin through an angle of

1. § =30° 2. 0 =-60° 3. 0 =45° 4. 0 =90°
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Solution. Recall

cosf) —sinf
Ry = (sin9 cos 6 )

V3ol 4+ 33
|2 2 (3): 2 N<4.598)
2 2 2
Lov3 3 - 4V3
5 2 2 ( 3 ) - 2 N (—1.964)
2 2 2
V2o V2 2
5 | 2 2 3Y | 2 | o 4950
vz 2 |\ 4 | 2| \-0707L
2 2 2

W
7N
— O
o
—_
~_
/I\
»-ka
~_
I
R
W =~
~_

Question 40. Use matrix multiplication to find the image of the nonzero vector v = (21)
2

when it is rotated about the origin through
1. a positive angle 6 2. a negative angle —¢
Solution.
1 cosf —sinf U1
" \sinf cosé Vg
9 cos@ sin6 V1
" \—sinf cosf/) \ v,

vy cos — vysind
vy sin @ 4 vy cos #

( V1 cos f + vy sin b >

—vy8inf + vy cos b

2
Question 41. Use matrix multiplication to find the image of the vector | —1 | if it is rotated
2

1. 30° clockwise about the positive z-axis.
2. 30° counterclockwise about the positive y-axis.
3. 45° clockwise about the positive y-axis.

4. 90° counterclockwise about the positive z-axis.

Solution.
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1. 30° clockwise corresponds to —30°

1 0 0 1 0 0 9
ENTE o Y3 1| /2 V3 2
0 cos(——) —sm(——) —1| = 2 2 —1| = 1—7 ~ | 0.1340
2 2 1 2.2321
1 3 =
0 sin(—z> cos(—z> 0 —= £ 2+\/§
2 2
2.
3 1
cos— O smZ £ 0 =
6 P 2 2 p 1++/3 27321
0 1 0 ~11 = 0O 1 0 —1| = -1 ~ -1
- - 2 2 -1++V3 0.7321
—sin— 0 cos— 1 0 ﬁ
6 6 5 5
3. 45° clockwise corresponds to —45°
™ V2 V2
COS(——) 0 sm(——) — 0 ——
4 9 2 p 0 0
0 1 0 -1 = 0 1 0 1)l =1 -1 = 1
2 2 2v/2 2.8284
—sin (—E> 0 cos (—E> ﬁ 0 ﬁ
4 2 2
COS — —sinz 0
2 2 2 0 -1 0 2 1
2 2 2 0 0 1 2 2
0 0 1

Question 42. Use matrix multiplication to find:

1. The contraction of ( 9

1
) with factor o = 5

2. The dilation of ( 9

) with factor @ = 3.

Solution.

—
@) N | —
| = o
VR
ro |
—
~~
|
o
DN | —

Question 43. Use matrix multiplication to find:
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1
1. The contraction of (Z) with factor —, where o > 1.
Q@

2. The dilation of (Z) with factor «, where a > 1.
Solution.
1 a
Q@
L ( b) -9
0 —
Q@

N——

0

Question 44. Use matrix multiplication to find:

2

1
1. The contraction of | —1 | with factor T
3
2
2. The dilation of | —1 | with factor 2.
3
Solution.
1 1
g V0 p
1 2 1
.10 = 0 1l =12
4 1 3 34
0 0 - -
4 4
2 00 2 4
2 020 -1l =1-2
00 2 3 6

Question 45. Use matrix multiplication to find:

a
1
1. The contraction of | b | with factor —, where o > 1.
Q@
c

a
2. The dilation of | b | with factor o, where o > 1.
c

Solution.
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1 a
Z 0 0 el
«Q Qo
a
1. 0 l 0 b = —é
«Q c «Q
1 c
0O 0 — —
o 8]
a 0 0 a aa
2 0 o O bl =1 ab
0 0 « c ac

Question 46. Use matrix multiplication to find:

1. The compression of < 9

2. The compression of <

2
Solution.
1 1
-0 1 _ -
2 - 2
L2
0 1 2
1 0 . .
2|, 1 G)=()
1
g 1 2 1

Question 47. Use matrix multiplication to find:

9 ) in the z-direction with factor 3.

1. The expansion of (

9 ) in the y-direction with factor 3.

2. The expansion of (

Solution.

606G
> (05)(3) = (0)

Question 48. Use matrix multiplication to find:

a

1
1. The compression of ( b) in the x-direction with factor —, where o > 1.
a

1
> in the z-direction with factor 3

1
> in the y-direction with factor 3"
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2. The expansion of (a) in the y-direction with factor «, where a > 1.

b

Solution.
1 0 a
(0
0 1 b

Question 49. In each part, determine whether the operators T} and 75 commute, i.e. whether
T10T2 :TQOTl.

1. T} : R? — R? is the reflection about the line y = z, and T, : R? — R? is the orthogonal
projection onto the x-axis.

2. T} : R? — R? is the reflection about the z-axis, and T, : R? — R? is the reflection about
the line y = .

3. T; : R? — R? is the orthogonal projection onto the z-axis, and 75 : R?> — R? is the
orthogonal projection onto the y-axis.

4. Ty : R? — R? is the rotation about the origin through an angle of g, and T, : R? — R?

is the reflection about the y-axis.
5. T} : R?* = R? is a dilation with factor «, and 75 : R® — R3 is a contraction with factor

1
—, where a > 1.
o

6. Ty : R? — R3 is the rotation about the x-axis through an angle 6;, and T5 : R?® — R3 is
the rotation about the z-axis through an angle 5.

Solution.

[Ty o Ty = [T1][T3] = ((1) 8> [Tz 0] = [T2][Th] = (8 (1))

T, and T, do not commute.

2. [Ih] = <(1) _01)’ [T2] = ((1) (1)>

[Eoﬂhﬂﬂmﬂz(o !

O 5) [meml = mm

Il
7N
—_ O
=

—_
~__

T} and T, do not commute.
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[Ty 0 Ty = [TV][T3] = (O O>, [Tz 0Th] = [T2][Th] = (8 8)

T} and T, commute.

T LT 2
cos — —sin — —
4 2 -1 0
4. [Tl] - T T - \/5 ’ [TQ] - < 0 1)

sin—  cos —
4 4

[Tl @) TQ] T1 T2

SRy
SINIVIS
NS

T} and T, do not commute.

e

5. [T}] =

o o9
o0 o
S o o

1
— 0
o}
1
0 — 0
!
1
0o 0 —
o
0
0
1

10 100

[Tl O TQ] = [Tl][TQ] = 0 1 5 [Tg ) Tl] = [TQHTI] = 0 1 O

0 0 0 01

T, and T, commute.
1 0 0 cosfly —sinfy, 0
6. [T1)= (0 cos#y —sinb, |, [To] = |sinfy cosbhy 0
0 sinf; cos6; 0 0 1
cos 0 —sin 6y 0
[Ty 0o Ty] = [T1][T3] = | sinfycosby cosBy cosfy —sinby

sinf;sinfy, sinf;cosf, cosb,

cosfly —sinbycosf; sinfysinby
[Ty 0 Th] = [To][T1] = | sinfy  cosfcosty —sinby cosby
0 sin 6 cos 0,

T, and T, do not commute.

Question 50. Find the standard matrix for the stated composition in R2.

1. A rotation of 90°, followed by a reflection about the line y = z.

1
2. An orthogonal projection onto the y-axis, followed by a contraction with factor 3

3. A reflection about the z-axis, followed by a dilation with factor 3, followed by a rotation
about the origin of 60°.
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4. A rotation about the origin of 60°, followed by an orthogonal projection onto the x-axis,
followed by a reflection about the line y = .

5. A dilation with factor 2, followed by a rotation about the origin of 45°, followed by a
reflection about the y-axis.

6. A rotation about the origin of 15°, followed by a rotation about the origin of 105°, followed
by a rotation about the origin of 60°.

Solution.
1.
W_‘z
0 1\ [“C2 ™2} /o 1\/0o -1\ (1 0
1OszCOSZ_101O_O—1
2 2
2, X
L 0 0
5 U (00)_
1]1\o 1)~ 1
0 = 0 3
3.
T .7 1 _\/5
83 Ty (0 3)(1 o> 2z T (0 3)(1 o)
in™ e |3 0)\0 -1 Vi1 3 0/\0 -1
3 3 5 3
333
_ 2 2
3 338
2 2
4,
T T L V3
(0 1) (1 0) o8 e (0 1) (1 0) 2 2
1 0/ \o in ™ o™ 1o)\oo)|.,s 1
3 2 2
0 0
= (1 _v3
2 2
5.
LA V2 V2
<_1 0) Py T (2 o> _ (_1 0) 2 2 (2 0)
0 1 Sm% COS% 0 2 0 1 Q ﬁ 0 2
2 2
(V2 V2
V2 V2
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6. The total rotated angle is
15° 4+ 105° 4 60° = 180°.

Hence the transition matrix is given by

cosm —sinmt)\ (=1 0
sinm cosm /) \O0 —1

Question 51. Find the standard matrix for the stated composition in R3.

1. A reflection about the yz-plane, followed by an orthogonal projection onto the zz-plane.

2. A rotation of 45° about the y-axis, followed by a dilation with factor v/2.

3. An orthogonal projection onto the xy-plane, followed by a reflection about the yz-plane.

4. A rotation of 30° about the z-axis, followed by a rotation of 30° about the z-axis, followed

1
by a contraction with factor T

5. A reflection about the xy-plane, followed by a reflection about the xz-plane, followed by

an orthogonal projection onto the yz-plane.

6. A rotation of 270° about the x-axis, followed by a rotation of 90° about the y-axis, followed

by a rotation of 180° about the z-axis.

Solution.
1.
1 00 -1 0 0 -1 0 0
000 0 1 0)l=(0 00
001 0 01 0 01
2.
cos— 0 sin—
V2 00 4 y V2 00
0 V2 0 0 1 0 = (0 v2 0
0 0 V2 0 0 V2
—sinz 0 COSZ
1 0 1
= |0 V20
-1 0 1
3.
-1 0 0 1 00 -1 0 0
0 10 01 0J=(10 10
0 01 000 0 00

o =l
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4.
1 0 0
1 1
L I 7 00
1 0 cos— —sin— 1 V3 1
4 1 n n 4 1
z 0 sin— cos— = 1
00 4 6 6 0 0 4 0o = ﬁ
2 2
L 0 0
4
e B 1
8 8
0 E
8 8
5.
000 1 0 O 1 0 O 0 O 0
010 0 -1 0 01 0)]=(0 -1 O
0 0 1 0 0 1 00 -1 0O 0 -1
6.
cosz 0 sin— 1 0 0
cosm —sinwm 0 2 2 3 3
sint cosm O 0 1 0 0 C087 —sin;
0 0 1
T m 3 3
—sny 0 cos 5 0 Sin?7T cos%
-1 0 0 0 01 1 0 O 0O 1 0
= 0 -1 0 0O 1 0 0 0 1] = 0 0 -1
0 0 1 -1 0 0 0 -1 0 -1 0 O

Question 52. Let x = (xl) be a vector in R2. Consider the linear transformations 7} : R* —

T2
R? and 75 : R? — R? defined by

T+ 3z
hi(z) = (xi — xz) , Tax) = (le —1—14x2)

1. Find the standard matrices for 7} and T5.
2. Find the standard matrices for T} o T, and T5 o Tj.

3. Find the standard matrices for 77 o T o T} and T o T, o T5.

4. Use the matrices obtained in part 2 to find formulas for 71 (75 (x)) and T (T3 (x))

Solution.

[T = G

L)
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2.
5 4 3 3
rom=ninl = (7 ). moen=miml=(§ )
3.
9 1 23 16
[Ty 0Ty o Th] = [TY][TH][T1] = (_3 5), [T1 0 Ty 0 Tp] = [T][15][T2] = (_5 _16)
4.
. 51‘1 + 4%‘2 . 325‘1 + 3$2
ne) - () nme) - ()
X
Question 53. Let £ = | 22 | be a vector in R3. Consider the linear transformations 7} :
I3

R3? — R3 and T5 : R? — R? defined by

433'1 x|+ 233'2
Tl(m) = —2131 + 29 |, TQ(CL‘) = 2%3
—x1 — 33 dry — w3

1. Find the standard matrices for 7} and T5.
2. Find the standard matrices for T} o T, and 15 o T}.
3. Find the standard matrices for 177 o T o T} and T} o T, o T5.

4. Use the matrices obtained in part 2 to find formulas for 71 (75 (x)) and T (T3 (x))

Solution.
4 0 O 1 2 0
. T\)=1-21 0 |,[Ix)=({0 0 2
-1 0 -3 4 0 -1
2.
4 8 0 0 2 0
[T10T2] = [Tl][TQ] = —2 —4 2 y [TQOTl] [TQ][Tl] —2 0 —6
-13 -2 3 17 0 3
3.
4 8 16
[TloTQOTl] Tl TQ T1 —4 —6 > [TloTQOTQ] = [Tl][TQHTQ] = 6 —4 —10
—51 -2 =9 -1 —-26 -7
4.
4.7)1 + 8]72 2%2
Ty (Ty(x)) = | —221 —4daa+225 |, To(T)(x)) = | —2x; — 623
—13z1 — 229 + 323 1721 + 323
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