ADM

Lecturer: Be. Xiaolu Hou, Ph.D.

Tutorial 3

Solving linear systems and Gauss—Jordan elimination

Question 1. Determine whether the following equations are linear

1. x1—3x2—\/§x3:2
3. x1 = dxy — 313

5. 22+ 1y + 813 =5

7. 232 + 3y =1

9. zy=3

11. gcosx—ély:()

13. 221 — 9 = /22

2. 214+ 319 — 2T120 = X1
4 0 =22y + 1 =1

6. T — /2wy = 313

8. cos (g) r — 4y = log 3
10. 223+ 3y =1

12. y+5 =21 +42

Solution. The linear equations are 1, 3, 6, 7, 8, 12.

Question 2. Find the system of linear equations whose augmented matrix has the following

form
2 0] -1
1. 13 21 0
0 1] 2
03 —-1]|-1
> {2 30 —5}
Solution.

(3 0 |2

1 =51]0
2'012

2 —4|3

(3 0 0 1 |—-4
430217
"1=1 3 0 -2| 4

(0 0 -1 2|1
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1 2.
20, = —1 3r; = 2
31‘1 + 21‘2 =0 1 — 51‘2 =0
To = 2 To = 2
2{E1 — 4]72 3
3. 4
3232 — T3 = -1 3131 +x4 = —4
2:B1 + 3%2 = -5 3331 + 2333 +x4 = 7
-1 + 31‘2 - 25(]4 = 4
—XI3 + 2512'4 = 1

Question 3. Find the augmented matrix for the following linear system

1. 2. 3.
—21}1 = 6 61171 — T2 + 3%3 = 4 2.1'2 — 3$4 +x5 = 0
31’1 = 8 5£L'2 — T3 = 1 —3ZL‘1 — X9 — T3 = —1
9, = -3 6x1+ 2109 —x3+ 224 — 325 = 6
4 D. 6
31‘1 — 21’2 = -1 2[)31 + 2[E3 = 1 rT = 1
41 +5x, = 3 3x1 —xo+4xy = 7 To = 2
Tx1+ 39 = 2 6x1 —x9 —x3 = 0 T3 = 3
Solution. ~
-2 6 - 0 2 0 -3 1 0
1|3 ]38 2. 3_51 _31‘11 3./1-3 =1 =1 0 0 |-1
| 9 | -3 - | 6 2 -1 2 =3| 6
[3 —2| -1 [2 0 2 |1 [1 0 01
4. 14 5 3 5. |3 =1 4 |7 6. |0 1 0|2
7 3 2 6 -1 =110 00 1|3

Question 4. Determine which of the following ordered triples is a solution to the given linear
system

2%1—41’2—.%3 =1
$1—3£U2—|—$3 =1

31’1 —5l‘2 —3ZL‘3 =1
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1. (3,1,1) 2. (3,—1,1) 3. (13,5,2)
13 5
4. [ —,=.2 5. (17,7.5
> 2.2) (17.7.5)
Solution.

1. Let 2y =3, xo =1, 23 =1, we get
200 —4x9 —x3=1, 1 —329+23=1, 321 — 5290 —323=1.
(3,1,1) is a solution to the given linear system.
2. Let z1 =3, 2o = —1, 3 =1, we get
201 —4xy — x3 = 9.
(3,—1,1) is not a solution to the given linear system.
3. Let ©1 = 13, 29 =5, x3 = 2, we get
201 — 4y — x3 = 4.
(13,5,2) is not a solution to the given linear system.
4. Let 1 =13/2, 1o =5/2, x3 = 2, we get
200 —4x9 —x3=1, 1 —3x9+2x3=1, 311 — D9 —323="1.

13 5 ) . . :
CREL 2 | is a solution to the given linear system.

5. Let 1 =17, xo =7, x3 =5, we get

11
2.171—41'2—.273:1, .CE1—3.Z'2+£173: 1, 31’1—51‘2—3333:—7.

(17,7,5) is not a solution to the given linear system.

Question 5. Solve each of the following systems of linear equations. In each case, indicate
whether the system has one solution, infinitely many solutions, or no solutions. Give the

complete solution set.
1. 2. 3.

3r—2y = 4 20 —4y = 1 r—2y = 0
6r—4y = 9 dr — 8y = 2 r—4y =

Solution.

1. Add —2x the first equation to the second equation gives

3vr—2y = 4
0 = 1,

a contradiction. This linear system has no solutions.
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2. Add —2x the first equation to the second equation gives

20 — 4y =
0 =0

This system has infinitely many solutions. The solution set is given by

(o) e

3. Add —1x the first equation to the second equation gives

r—2y =
-2y = 38

We have
y=—-4, x=-8.

The system has the unique solution (—8, —4).

Question 6. Find the solution set of the following linear system.

1. 72 =5y =3 2. x4+ 10y =3
3. T —5$2+2I3= —1 4. 3ZL’1—5Z'2+4I3 =7
5. —81'1+2[E2—5ZL‘3+6ZE4:1 6. 4ZE1+2[E2—3ZL‘3—ZE4:2
7. 3v—8w+2r—y+42=0 8. v+w+x—5y+72=0
Solution,
(—+ tt) ‘teR} 2.{(3=10t, t) | teR}
7 5 4

3. {(—=1+4+5t—2s,t, s) | t, seR} 4. §+§t_§s’ t, s t, seR

ot

1—1— ° —i—lt t, t cR
-3t %S s, T 5, T
8 8 47 T

1 1
( + r+—s—§t, t, s, r) ‘t, S,TER}

4 2 8
——r+—s——t+ —u, u, t, s, r

=)

\]

3 3
—Tr+5s—t—wu, u, t, s, r) | u, t, s, reR}

u, t, s,'r’ER}

8
{
|
g

Question 7. Find the solution set for the given linear system.
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1 2.
20 -3y = 1 6x1 +2x, = —8
6xr — 9y = 3 31‘1 + 1y = —4
3 4.
T1+3x9 —x3 = —4 2r —y+2z = —4
31+ 925 — 33 = —12 6r —3y+ 6z = —12
—x1 —3x3+x3 = 4 —4r+2y—4z = 8

Solution.

1. Add —3x the first equation to the second gives

20 -3y = 1
0 = 0.

{(Geaee) [ 1o}

2. Add —2x the second equation to the first gives

The solution set is given by

0 =20
3.T1+l‘2 = —4.

((430) een)

3. Add the first equation to the third equation and add —3x the first equation to the second
equation, gives

The solution set is given by

Ty +3ry—23 = —4
0 =
0 = 0.
The solution set is given by
{(-44+s=3t, t, s) | t, seR}.

4. Add 2x the first equation to the third equation, and add —3x the first equation to the
second equation, gives

2v—y+2z = —4
0 =0
0 = 0.

The solution set is given by

t
{(—2—13—1—5, t, s) ’ t, SER}.
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Question 8. Find an elementary row operation that will create a leading 1 in the top left
corner of the given matrix without introducing fractions in its first row.

-3 -1 2 4 0 -1 =5 0
. |2 -3 3 2 2. 12 =6 3 2
0 2 -3 1 1 4 -3 3
(2 4 —6 8 (7 —4 —2 2
3. 17 1 4 3 4. 13 -1 8 1
-5 4 2 7 -6 3 -1 4

Solution.
1. Add 2x the second row to the first row
2. Add the third row to the first row
3. Add the third row to 3x the first row

4. Add the third row to the first row

Question 9. Determine whether the following matrices are in row echelon form and which are
in reduced row echelon form.

1 00 1 00 010
1. 10 2.10 10 3. 10 0 1
0 0 1) 0 0 0 0 0 0
(1 2 0] 1 0 0] (1 3 4]
4. 10 1 0 5 10 6. [0 1 1
0 0 0 0 2 0 0 ]
- 1 5 -3
1 0 3 1 =2 0 1
7.{ ] 8. ] 9. 0 1 1
01 2 0o 0 1 -2 00 0
[0 0 1 =7 55 1 2 3
10. 0 0} 1 [0 1 3 2} 12 {0 0 0]
[1 2 0 3 0 1 23 45
13. |10 01 1 0 4. |1 0 7 1 3
0001 00 1
Solution.

e Row echelon form: 1,2,3,4,6,7,8,9,10,11,12,13

e Reduced row echelon form: 1,2,3,7,8, 10,12
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For Questions 10 — 13 do the following

Suppose that each of the following is the augmented matrix for a linear system. Use the
Gauss-Jordan elimination method to convert each matrix to the reduced row echelon form and
give the complete solution set for the corresponding system of linear equations if the system is
consistent.

Question 10.

(1 —3 4|7] [1 —3 0/0]
1. 1 2|2 2.10 0 110
0 0 1]5] 0 0 0]1]
(1 0 0| —3] 1 0 0| —3]
310 1.0/ 0 4. 10 1.0/ 0
0 0 1] 7| 00 1| 8]
(1 —4 0] 0] [1 0 0] 3
5.10 0 11]0 6 2 0| -2
0 0 2]0] 00 3|0 |
Solution.
1. By the Gauss-Jordan elimination
1 -3 4|7 1 0 10]13 1 0 0|-37
0 1 2|2 B2 tg 1 o | 9| B2, 1g 1 o —8
0 0 15 00 15| ™ loo0 1] 5

The unique solution of the corresponding linear system is (=37, —8, 5).

2. The matrix is already in the reduced row echelon form and the linear system has no
solutions.

3. The matrix is already in the reduced row echelon form and the solution is (=3, 0, 7).
4. The matrix is already in the reduced row echelon form and the solution is (=3, 0, 8).

5. By the Gauss-Jordan elimination

1 -4 0]0 1 -4 0]0
0 0 1|0 2210 0 1]0
0 0 20 0 0 00
The solution set is
{(4t, ¢, 0) | teR}.
6. By the Gauss-Jordan elimination
10037, [too]3
02 0/]-2 j—‘°’> 01 0|-1
0 03[0 = 1001]|0

The system has no solutions.
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Question 11.

1 08 —-5/6 100 -7 8
1. |0 1 4 —9(3 2.0 10 3| 2

001 12 001 1]-5

(1 —2 0 —213 5 20 —18|—11
3.0 0 1 5 |4 4. |3 12 —14| 3

0 0 0 0|1 -4 —16 13 | 13
Solution.

1. The solution set is given by

{(13t—10, 13t —5, 2—t,t) | teR}

2. The solution set is given by

{(Tt+8,2-3t, —t—5,t) | teR}

3. The linear system has no solutions.

4. The solution set is given by

{(~4t—13,¢, —3) | teR}

Question 12.

1 =6 0 0 3|-=2 -2 1 11 15
I U 41 7 5 |6 -1 —2]-36
10 0 01 5| 8 11 -1 =1 -11
0 0 00 0|0 -5 —5 —5|-14
(1 7 -2 0 -8|-3 -5 10 —19 —17| 20
5 00 1 1 615 L |73 6 -1 -l 14
100 0 1 3109 =7 14 -2 —-25| 31
00 0 0 010 |9 —18 34 31 |37
(2 —5]—20 —2 1 -1 —-1] 3
0o 21| 7 3 1 -4 —-2|—-4
5. |1 —=5|-19 6. |7 1 -6 —2|-3
—5 16 | 64 -8 -1 6 213
|3 9 |-36 -3 0 2 1|2
. -3 6 —1 —5 0—5}
-1 2 3 -5 10| 5

Solution.
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1. The reduced row echelon form of the augmented matrix is:

-6 0 0 3|2
0 4| 7
15

1
0
0 8

0 1
0 O
The solution set is

{(6s—3t—2, s, 7T—4t, 8—=5t, t) | s, teR}

2. The reduced row echelon form of the augmented matrix is:

0 0

oS O O
_ o O O

10
01
0 0

The linear system is inconsistent.

3. The reduced row echelon form of the augmented matrix is:

1 700 =2|-11
0010 3| -4
0001 3 9
0000 O 0

The solution set is

{((=Ts+2t—11, s, =3t —4, 9—3t, 1) | s, teR}

4. The reduced row echelon form of the augmented matrix is:

1 -2 0 11 | -23
0 0 1 =-2| 5
0 0 0 O 0
0 0 0 O 0

The solution set is

{(2s—11t—23, s, 2t+5, 9—3¢t, t) | s,t€R}

5. The reduced row echelon form of the augmented matrix is:

1 0]0
0 1]0
0 01
0 0]0
0 01]0

The linear system is inconsistent.

6. The reduced row echelon form of the augmented matrix is:

S OO O
o O O

SO = OO
SO = O OO
_ o O O O

The linear system is inconsistent.
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7. The reduced row echelon form of the augmented matrix is:

1 -2 0 2 —-1]|1
0 0 1 -1 3|2
The solution set is
{@2r—2s+t+1,r, s=3t+2, s, t) | r,s, teR}
For Questions 13 — 17 do the following
Solve the following linear systems using Gauss—Jordan elimination or Gaussian elimination. In

each case, indicate whether the system is consistent or inconsistent. Give the complete solution
set if the system is consistent.

Question 13.

1. 2.
T+ X9 + 2%3 = 8 21’1 + 21’2 + 21’3 =0
—X — 2.1'2 + 3{133 =1 —21}1 -+ 51}2 + 21‘3 =1
31’1 - 71’2 -+ 4I3 = 10 8ZE1 + o + 41’3 = -1
3 4.
r—y+2z—w = -1 —2b4+3c = 1
20 4+y—2z2—-2w = -2 3a+6b—3c = -2
—r4+2y—4z—-2w = 1 6a+6b+3c = 5
3r —3w = -3
Solution.

1. The augmented matrix for the linear system is

1 1
—1

8
-2 1
3 =7

2
3
4110

By Gauss—Jordan elimination, the reduced row echelon form of the matrix is

OO =
o = O

013
01
112

The unique solution is given by (3,1, 2).

2. The augmented matrix for the linear system is

2
-2 5
1

10
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By Gauss—Jordan elimination, the reduced row echelon form of the matrix is

3 1
10 2| -2
7|7
o 41
7|7
0000

The solution set is given by

3t 1 1 4t
—Z = t) | teRr
LT 550 e

3. By Gauss—Jordan elimination, the reduced row echelon form of the augmented matrix is

10 0 0]-—-1
01 -2 0] 0
00 0 1|0
00 0 0|0

The solution set is given by

{(=1,2t,t,0) | teR}.

4. By Gauss—Jordan elimination, the reduced row echelon form of the augmented matrix is

10 210
01 —% 0
00 01
The linear system has no solutions.
Question 14.
1. 2.
51’1 — 51’2 — 151’3 = 40 T+ 3(172 — T3 =
4$1 — 2232 — 61‘3 = 19 Lo — 81’3 =
31’1 - 61’2 - ]_75(]3 = 41 41’3 = 0
3 4.
201 + 29+ 323 = 0 2c —y—32z = 0
r1+2x, = 0 —r+2y—3z =
To+wxg = 0 r+y+4z = 0

Solution.

11
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1. By Gauss—Jordan elimination, the reduced row echelon form of the augmented matrix is

- 49 —
1 0 0] =
30
010 L
15
21
00 1]——
L 104

The unique solution is given by

49 1 21
300 157 10

2. By Gauss—Jordan elimination, the reduced row echelon form of the augmented matrix is

1 000
0100
00 10

The system only has the trivial solution (0, 0, 0).

3. By Gauss—Jordan elimination, the reduced row echelon form of the augmented matrix is

1 0 010
0100
00 10

The system only has the trivial solution (0, 0, 0).

4. By Gauss—Jordan elimination, the reduced row echelon form of the augmented matrix is

1 000
0100
00 10

The system only has the trivial solution (0, 0, 0).

Question 15.

1. 2.
—2x1 4+ x9 + 8563 =0 STy — 2$3 =
Trxy — 219 — 2225 = 0 —152; — 1629 — 923 =
3r1 — x5 — 1023 = 0 101 + 1225+ 723 = 0
Solution.

1. By Gauss—Jordan elimination, the reduced row echelon form of the augmented matrix is

1 0 =21]0
01 410
00 010

The solution set is given by

{(2t, —4t, 1) | teR}.

12
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2. By Gauss—Jordan elimination, the reduced row echelon form of the augmented matrix is

1 0 010
0100
00 1[0

The system only has the trivial solution (0, 0, 0).

Question 16.

1. 2.
201 — 3x9+ 43 —24 = 0 —2x1 — 39+ 223 — 1324 = 0
7[E1+IQ—8JZ3+9ZE4 = 0 —4ZE1—7I2+4$3—29I4 = 0
2$1+8$2+$3—$4 =0 +x1+2x2—x3+8x4 =0
3 4.
v+3w—2z = 0 20+2y+42 = 0
2u4+v—4w+3x = 0 w—y—3z = 0
2u+3v+2w—x = 0 2w+3r+y+z = 0
—4du—3v+dw—4r = 0 —2w+zr+3y—2z = 0
5) 6.
31’1 —+ x9 + T3 + x4 = 0 2%1 + 61’2 + 13ZL'3 —+ x4 0
5r1 —x9+x3—1x4 = 0 r1+4x+ 1025 +24 = 0
2$1+8$2—|—20$3+IE4 = 0
3$1+101’2+21I3+2I4 = 0
7.

2rx1 — 629 + 323 — 211y =
4x1 — dx9 + 223 — 2424

—x1 + 329 — 23 + 1024
—2r1+ 319 —x3+ 1324 =

I
o o o o

Solution.

1. By Gauss—Jordan elimination, the reduced row echelon form of the augmented matrix is

- 46 -—
100 — |0
83
15
010 ——=10
83
95
001 ——10
L 83 | 4

13
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The solution set is given by
46(134 15[[‘4 55t
—_ Y —, —, t teR 5.
{( 83 83’83’)' © }

2. By Gauss—Jordan elimination, the reduced row echelon form of the augmented matrix is

10 -1
01 O
00 O

S W N
o O O

The solution set is given by

{(s—2t, =3t, s, t) | s, teR}.

3. The reduced row echelon form of the augmented matrix is

1o -1 210
01 3 -2/0
00 0 010
00 0 010

The solution set is given by

7s bt
———, = 2 R .
{(2 5 3t + s,s,t) s, te }

4. The reduced row echelon form of the augmented matrix is

0 -1

S O O
o= O O
o O OO

1 1
0 O
0 O

The solution set is given by
{(, —t, t,0) | teR}.
5. The reduced row echelon form of the augmented matrix is
10 010

01 10

g I N

The solution set is given by

LGt )
474 7 787

6. The reduced row echelon form of the augmented matrix is

s, tER}.

1 0000
010010
00100
000 1]0

The system only has the trivial solution (0, 0, 0,0).

14
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7. The reduced row echelon form of the augmented matrix is

o O O
o O =

The solution set is given by

=310
2 10
—-11]0
010

{(3t, =2t, t, t) | teR}.

Question 17.

1.

T+ 3ZL'2 +x4 =
x|+ 45172 -+ 2%‘3 =
—2£L'2 — 2?[73 — Ty =

2.731—4132+l’3+134 =

o O O o O

Ty — 209 — T3+ X4

201 + 4x9 — X3+ Dy + 225 =
31’1 + 3!13'2 — X3+ 3274

—51’1 —6ZE2+2ZE3—6$4—ZE5 =0

Solution.

2.
T3+ 2Ty +2T5 = 0
—X1 —Xo+ 223 —3x4+2x5 = 0
$1+$2-2(L’3—ZL‘5 = 0
2$1+2$2—I3+$5 0

4.

Tx1 4 28x9 + 43 — 224 + 1025 + 1924
—9x1 — 3629 — b3 + 314 — 1525 — 2924
3x1 + 1229 + 223 + 625 + 1126

6x1 + 24xo + 3x3 — 324 + 1025 + 2026

1. The reduced row echelon form of the augmented matrix is

o O O o
oS O O =

S O = OO

o= O OO
S OO OO

The system only has the trivial solution (0, 0, 0,0).

2. The reduced row echelon form of the augmented matrix is

110
0 01
000
000

The solution set is given by

o = O O
S O = o=
o O OO

{(=s—t, s, —t,0,t) | s, teR}.

o O O O

15
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3. The reduced row echelon form of the augmented matrix is

1000 —-1/0
01 02 110
0013 010

The solution set is given by

{(t, —2s—t, —=3s, s, t) | s, teR}.

4. The reduced row echelon form of the augmented matrix is

140 =20 110
001 3 0 -2]0
000 0 1 210
000 0 0 010

The solution set is given by

{(—4r+2s—t, r, =3s+2t, s, =2t,t) | r, s, teR}.

Question 18. The matrices below represent augmented matrices of linear systems, where %
denotes an arbitrary real number. For each case, determine whether the system is consistent. If
it is consistent, establish whether the solution is unique. If the solution is not unique, analyze
the structure of the solution set.

1 x 1 % x| %
1. 10 1 %]« 2. 10 1 *|=x%
_0 0 1 ] 0 0 1|1
[1 « * | [1 0 0] %]
3. [0 1 x|« 4 1 0
_0 00 0_ EREER RS
1« % | [1 0 0]0]
5. 10 1 =« % 6 1 0
_O 00 1_ _1 * k| k|
[1 * | 1 % % | %
7 0 8 (1 0 0|1
_O 01 * | 1 0 01

Solution.

1. We change the representation of the given matrix to as follows

1 aip a3 | aws
0 1  ass|awul,
0 0 1 as34

where a;;’s represent real numbers. We can apply Gauss-Jordan elimination method on
the matrix and we have

1 0 aiz— aigags | alg — aizag
Ri—aj2Ra
—_— 0 1 as3 24

0 0 1 34

16
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1 0 0]as— apa — (Cll3 - G12G23)CL34
Ri—(a13—a12a23)R3 010 a ol
24 — (23034
Ro—a23R3 00 1 a
34

We can see that the system has a unique solution
(a14 — Q12024 — (CL13 - a12a23)a34, Q24 — (23034, Cl34)
By letting asy = 1, it follows from 1 that the system has a unique solution
(@14 — a12a94 — a13 + a12a93, agq — sz, 1)

We change the representation of the given matrix to as follows

1 a2 aiz|au
0 1 oags|aoul,
0 O 0 0

where a;;’s represent real numbers. We can apply Gauss-Jordan elimination method on
the matrix and we have

1 0 a1z — aigags | alg — aizao
Ri—a12R2
— =510 1 a93 a94
00 0 0

We can see that the system has infinitely many solutions and the solution set is given by

{ (a14 — a12a04 — (a13 — a12a93)t, asq —agst, t) | teR}.

. We change the representation of the given matrix to as follows

1 0 0 Q14
a1 1 0| axu )
agr azy 1| as

where a;;’s represent real numbers. We can apply Gauss-Jordan elimination method on
the matrix and we have

1 0 0 a4 1 00 aiq
Rs—az1 R R3—az2R

smasnfi g Uog — 21014 smesmolg 100 o4 — A21014
Ro—a21 Ry 0 01

0 azx 1| ass—asian a34 — 31014 — a32(a24 - CL21€L14)
We can see that the system has a unique solution

(a14, Q24 — A210A14, A34 — A31014 — a32(a24 - G21G14))
The last row of the matrix corresponds to
0=1,
a contradiction. Thus the corresponding linear system is inconsistent.

We change the representation of the given matrix to as follows

1 0 0 0
10 0]1],
1 asz asz|as

17
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where a;;’s represent real numbers. We can apply Gauss-Jordan elimination method on
the matrix and we have

1 0 0 0
Hslhodg 0 0|1,
Ro—Ry

0 as ass | as

where the second row corresponds to
0=1,
a contradiction. Thus the corresponding linear system is inconsistent.
7. We change the representation of the given matrix to as follows

1 a2 aiz|au
0 0 a3 0 s
0 0 1 34

where a;;’s represent real numbers. We can apply Gauss-Jordan elimination method on
the matrix and we have

R R 1 a2 0] as— aizass
—Q
270 0 0 — Q93034
fameslls g g a

34

Thus, if agzazy # 0, the system is inconsistent. Otherwise, the solution set of the system
is given by
{ (a1 — a13a34 —apst, t, asy) | tE€R}.

8. We change the representation of the given matrix to as follows

1 a2 aiz|au
1 0 011},
1 0 0 1

where a;;’s represent real numbers. We can apply Gauss-Jordan elimination method on
the matrix and we have

1 a2 a3 (14 10 0 L
RQ—Rl 0 O O 0 0 O 0 0

If a;5 = a3 = 0, the system is inconsistent.

If a5 = 0 and ay3 # 0, the solution set is given by

(1o 9=0) | rer).

If a5 # 0, the solution set is given by

{(1’ —1+a14—a13t)) ‘ tER}.
a12

Question 19. For each of the following linear systems, determine the value of a that results
in the system having no solutions, a unique solution, or infinitely many solutions.

18



ADM Lecturer: Be. Xiaolu Hou, Ph.D.

1 2.
r+2y—32z = 4 r+2y+z = 2
20 —y+5z = 2 20 =2y + 3z =
dr+y+(a®—14)z = a+2 r+2y—(a®—=3)z = a
Solution.

1. The augmented matrix for the linear system is

1 2 -3 4
2 -1 5 2
4 1 o*—14|a+2

Applying Gauss-Jordan elimination

1 2 -3 4 in L2 _131 g
L2l 1o -5 11 6 | =200 1 —-= 2
fordlfn g 7 a2-2|a—14 g g
0 -7 a?2—-2|a—14
1 2 -3 4
11 6
Rs+7Ry |0 5 5
87 28
00 a2—2 a2
T TEH YT

The third row corresponds to the equation:

, 87 28
o ——|z=a— —.
5 )

e (Clase 1: No solutions

If
042—&:0 e, a==+ g,
5 5
then 08
—— #0
a—Z#0,

and the system is inconsistent.

e (Case 2: Unique solution

If
87

2
a”—— #0,
5 #
the system has a unique solution.

e (Case 3: Infinitely many solutions
For the system to have infinitely many solutions, we need

87 28
o —— =0, a——=0,

) )

a contradiction. Thus the system will not have infinitely many solutions no matter
what value « takes.
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2. The augmented matrix for the linear system is

1 2 1 2
2 =2 3 1
1 2 3—a%|a

Applying Gauss-Jordan elimination

1 2 1 P |2 11
2—2R, —elit2
1;25 -6 1 3| =201 =
3— R 2
0 0 2—a*|a—2 00 2—a2
-1 0 4 1
R1—2R 3
— o1 1|1
6 2
_O 0 2—a?|a—-2

The third row corresponds to the equation:

2-atz=a-2.

e Case 1: No solution

If
2—a?=0 ie, a==2V2
then
a—2#0
and the system is inconsistent.

Case 2: Unique solution
If

2—a’#£0 ie, a#+V2,
the system has a unique solution.
Case 3: Infinitely many solutions

For the system to have infinitely many solutions, we need

2—a’=0, a—2=0,

a contradiction. Thus the system will not have infinitely many solutions no matter

what value o takes.

Question 20. What conditions must the parameters a,b, ¢ satisfy for the following linear
system to be consistent?

1.

Solution.

2.
r+3y—z = a r+3y+z = a
r+y+2z = b —r—2y+z =0
2u—3z = ¢ 3r+Ty—2z = c
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1. The augmented matrix for the linear system is

1 3 —1la
11 2
0 2 —3|c
Applying Gauss-Jordan elimination
1 3 -1 a 1p b3 _% aib L3 _21,’ ﬁb
Ro—R; O _2 3 b _a 52 O 1 _5 5 R3—2R3 0 1 _5 a 5
02 3| c 02 —3| ¢ 00 0 |btc—a

For the system to be consistent, we must have

b+c—a=0.

2. The augmented matrix for the linear system is

1 3 1 |a
-1 =2 1 |b
3 7 -1

Applying Gauss-Jordan elimination

1 3 1 a 1 31
0 1 2 a+b| =/—/——= (0 1 2 a+b
0 -2 —4|c—3a 0 00

Ro+Rq
R3—3R;

For the system to be consistent, we must have

2b+c—a=0.

Question 21. Solve the following systems, where a, b, ¢ are constants.

1. 2.
2e+y = a 1 +To+T3 = a
3r+6y = b 2r1 +2x3 = b
31’2 + 3ZL’3 = C
Solution.

1. Add —6x the first equation to the second equation, we get

2r+y = a
-9 = b—6a
Then
6a — b 2(6a —b) 2b—3a
g Y 9 9
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2. The augmented matrix of the linear system is

11 1}a
2 0 2|b
0 3 3|c
Applying Gauss-Jordan elimination
1 1 1 a 11 1 a
1 1 1 a . 2 — b 2a — b
Ry—2R, 0 -2 0!b—2a 3 R2 010 R3—3R2 010 5
2 6a — 3b
0 3 3 c 0 3 3 . 00 3¢
— b - — C -
111 a 101 5 LOop a=g
irs |0 1 2a —b Ri_R 2a — b Ri—R b
== 2 31010 5 500100 a—3
c 2a—0
00 - — c 2a—0 c b
- — 00 1|=-- —
3 2 _0 01 3 5 ] I 3 a+2_

The system has a unique solution

Question 22. Show that the following nonlinear system for the unknowns wu,v,w, where
0 <wu,v,w < 27, has 18 solutions.

sinu+ 2cosv+ 3tanw = 0
2sinu + 5cosv +3tanw =

—sinu — Hcosv +Htanw =

Solution. Let
r =sinu, y=cosv, 2z=tanw. (1)

Substituting these variables, the given nonlinear system in wu, v, w is transformed into the fol-
lowing linear system in the unknowns z,y, z.

r+2y+32 = 0
20 +5y+32 = 0
—r—5y+5z =

The augmented matrix of the linear system is

[\

ot N
ot W W
o O O
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The system has a unique solution
r=y=2z2=0.

Substituting to Equation 2 we get

sinu =0, cosv=0, tanw =0.

Since
0<u<2r, ,0<v<2r, 0<w<2m,
we have
- o v=" T w0 w2
u0,7r,7r02,2,w,,,
in total we have
3x2x3=18

solution.

Question 23. Solve the following nonlinear system for the unknowns wu,v,w, where 0 <
u,v,w < 27.

2sinu —cosv + 3tanw =
4sinu + 2cosv — 2tanw =

6sinu —3cosv +tanw =

Solution. Let
r =sinu, y=cosv, z=tanw. (2)

Substituting these variables, the given nonlinear system in wu, v, w is transformed into the fol-

lowing linear system in the unknowns z, vy, 2.

2v—y+32 = 3
doe +2y — 2z =
6r — 3y + 2

The augmented matrix of the linear system is

2 -1 3 |3
4 2 =22
6 -3 119

The system has a unique solution

Substituting to Equation 2 we get

sinu=1, cosv=—1, tanw =0.
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Since
0<u<2r, ,0<v<2r, 0<w<2m,

we have
U= — V=T w=0, m, 2.
27 ) ) )

Thus the given nonlinear system has three solutions:

<z7 7.‘—7 O>7 <EJ 7T? 7T>7 <EJ 7T7 27T> *
2 2 2

Question 24. Solve the following nonlinear system for the unknowns x,y, 2.

1. 2.
x2+y2+22 = 1 g_é = 1
-yt = 2 g g ;
2., .2 _ .2 _ 24242 —
20" +y" — 2 x+y+z
19 10
—+=4+— =5
x Yy oz
Solution.
1. Let

u=2% v=y w=2"
Substituting these variables, the given nonlinear system in x,y, z is transformed into the
following linear system in the unknowns u, v, w

u+v+w
u—vtw =
2u+v—w = 3

The augmented matrix of the linear system is

11 116
1 -1 112
2 1 —-1|3

The reduced row echelon form of the augmented matrix is:

)

10 0<%

3

0102

7

00 1|=

3

The linear system has a unique solution

) 7
rT==, Yy=2, z=-—.

3 3

Consequently, the solutions for the nonlinear system are given by

(i@, +/2, i@)
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2. Let

Substituting these variables, the given nonlinear system in z,y, z is transformed into the
following linear system in the unknowns u, v, w

u+ 2v — 4w
2u + 3v + 8w
u+9+ 10w = 5

The augmented matrix of the linear system is

—4
8

1
2
1 10

O W N
ot O =

The reduced row echelon form of the augmented matrix is:

_ 7
1 00| —=
9
46
01 0] =
63
5
00 1|——
L 63_
The linear system has a unique solution
T 46 .
Ty YTey T e

Consequently, the unique solution for the nonlinear system is given by
-9 63 63
7467 5

For Questions 25 — 27 do the following

Suppose that each of the following is the augmented matrix for a linear system. The matrices
are all in reduced row echelon form. For each case, determine whether the system is consistent.
If it is consistent, find the complete solution set.

Question 25.
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1 0 0]—1 10 0| 2
1
Lo o] R R S
00 1]—=
00 1] 0 i 3
(1 0 0]0 [1 0 2 |-3]
3. 10 100 4. |10 1 =1/ 2
00 01 00 0| 0]
i 1
1 0 —— 1|4 - -
3 1 -2 0|-3
4
D. 01 3 |2 6. [0 0O 1] 2
3 0 0 0] 0]
00 010
(1 5 5| -1 [1 0 02
7. 0 0] O 8. (0 0 110
00 0] 0 00 1)1
(1 0 00
9. 0 1]0
00 0|1
Solution.
1. The last row corresponds to

1=0,

a contradiction. Thus, the system has no solutions.

The system has a unique solution

The last row corresponds to
1=0,

a contradiction. Thus, the system has no solutions.

. The solution set for the system is

((=3—2t, 24, t) | teR}.

The solution set for the system is

1 4
A4t = =3t t] | teR ;.
(g g o) rex

The solution set for the system is

{(=3+2t,t 2) | teR}.

The solution set for the system is

{(=1=5s—=>5t, s, t) | s, teR}.
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8. The system has a unique solution (2, 0, 1).

9. The last row corresponds to
= ()’

a contradiction. Thus, the system has no solutions.

Question 26.

110—253 213—301 3100—31
01 -1 227 7 (00 0 1{4” 7 |01 0 =17
Solution.
1. The solution set is given by
{(B4+2s—5t, 2+s—2t, s, t) | s, teR}.
2. The solution set is given by
{(1—3s+3t, s, t, 4) | s, teR}.
3. The solution set is given by
{(1+3t, 7+¢t, s, t) | s, teR}.
Question 27.
_ 9 -
10 - 0]-1
3 100 —3|1 100 3|1
. (0L =300 1 9 fop10 —1|7], 3.]010 —-1]7
4 001 010 001 2 |-1
00 0 1] <
- 5_
Solution.

1. The solution set is given by
2 4
—1—=t, 1+3t, t, - teR ;.

2. The solution set is given by

{(1+3t, 7T+t 0,t) | teR}.

3. The solution set is given by
{(1+43t, 7+t, —1-2t,t) | teR}.

27



ADM Lecturer: Be. Xiaolu Hou, Ph.D.

Question 28. Suppose that each of the following is the augmented matrix for a linear system.
The matrices are all in row echelon form. Find the reduced row echelon form of each matrix,
and determine whether the corresponding system is consistent. If it is consistent, find the
complete solution set.

1 -2 03 5 —1|1 14 -1 2 1 8
) 0 0 1 4 23 0 |-9 5 01 3 —2 6 |-—11
1o 0 00 0 1|16 “loo o 1 =-3| 9

00 00 0 010 00 0 0 0 0

(1 -5 2 3 —2|—4 1 -7 =3 -2 —1]-=5
3 0 1 -1 -3 —-7|-2 A o 0 1 2 3|1
1o o 0 1 215 100 0 1 -—11 4

00 0 0 010 o0 0 0 0]-2

(1 -3 6 0 —2 4 |-3 (1 4 -8 -1 2 -3|-4
. 0 0 1 -2 8 —1|5 6 01 -7 2 -9 —1|-3
1o 0 0 0 0 1 |-=2 “"100 0 0 1 -4 2

00 0 0 0 0]0 00 0 0 0 01]0

Solution.

1. The reduced row echelon form of the augmented matrix is:

The solution set is given by

1 -2 0 3 5 0]17
0 0 1 4 23 0|-9
0 0 00 0 1|16
0 0 00 0 0O

2. The reduced row echelon form of the augmented matrix is:

10 -13 0 7 |-38
01 3 0 O 7
00 0 1 =3|9
00 0 0 O 0

{(A74+2r—3s—5t, r, =9 —4s—23t, s, t, 16) | r, s, t R }.

The solution set is given by

{(—=38+13s—Tt, 7—3s, s, 9+3t, t) | s, teR}.

3. The reduced row echelon form of the augmented matrix is:

1 0 -3 0 —13]46
01 -1 0 —-11]13
00 0 1 2 5
00 0 0 0 |0

The solution set is given by

{(46 +3s+13t, 13 +s+1t, s, 5—2t,t) | s, teR}.
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4. The reduced row echelon form of the augmented matrix is:

1 =700 120
0O 0 10 5|0
0 0 01 —-1/0
0 0 00 0|1

The system has no solutions.

5. The reduced row echelon form of the augmented matrix is:

1 -3 0 12 =50 0] —-13
o 0 1 -2 8 0| 3
0O 0 0 O 0 1| =2
0O 0 0 O 0 0 O

The solution set is given by

{(=134+3r—12s+50t, r, 3+2s—8t, s, t, =2) | r, s, t e R}.

6. The reduced row echelon form of the augmented matrix is:

1 0 20 -9 0 153 | —68
01 -7 2 0 =37 15
00 0 0 1 —-4| 2
00 0 0 0 O 0

The solution set is given by

{(—68 —20r +9s — 153t, 154+ Tr —2s+37t, r, s, 2+4t, t) | r, s, teR}.

For Questions 29 — 32 do the following

Solve the following linear systems using Gauss—Jordan elimination or Gaussian elimination. In
each case, indicate whether the system is consistent or inconsistent. Give the complete solution
set if the system is consistent.

Question 29.
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1 2.
20 —3y = 5 20 -2y = 1
3 4.

20 —z = —3r+y+z =
r+4y+z = 2 -4z =
de+y—2z = 1 —dx +2y — 3z =

) 6.
2x1 — X3 = 4 4ZL’1 + Ty — 41’3 =
r1+4xs+x3 = 2 4y — 4xe + 223 =

7. 8
2$1 + 4562 + 2%3 + 2%4 = -2 3:31 — 3.753 + 41’4
4ry —2x9 — 33 — 224 = 2 —4dxy + 229 — 203 — 4y
r1+3x2+ 33— 324 = —4 4o — 33 + 224

Solution.

1. The augmented matrix for the linear system is

The reduced row echelon form of the augmented matrix is:

10
01

The system has a unique solution (4, 1).

|

2. The augmented matrix for the linear system is

2 =211
3 0|1

The reduced row echelon form of the augmented matrix is:

1 1
The system has a unique solution <§, _6)

2
0

1

1

—2

- -3
= 4
- -3

30



ADM Lecturer: Be. Xiaolu Hou, Ph.D.

3. The augmented matrix for the linear system is

2 0 —-1/4
1 4 112
41 —-1]|1

The reduced row echelon form of the augmented matrix is:

i "
10 0[-——
5
21
5
6
5

18 21 56
The system has a unique solution (_E’ 5 —3)

4. The augmented matrix for the linear system is

3
1 0 0f—=
2
)
01 0|—=
2
0 0 1] 0

3 5
The system has a unique solution (_5’ et O).

5. The augmented matrix for the linear system is
2 0 —-11|4
14 1 |2
The reduced row echelon form of the augmented matrix is:

1 0 —= ]2
2

The solution set is 5
t t

24—, —— . t teR ;.

{2 -50) [ rem)

6. The augmented matrix for the linear system is

4 1 —4]1
4 -4 2 | =2
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The reduced row echelon form of the augmented matrix is:

7017

1 | =
" "] 10
6| 3

01 —— | =
515 |

The solution set is

1+7t 3+6tt teR
10 1005 57 '

7. The augmented matrix for the linear system is

2 4 2 2 |-=2
4 -2 -3 =2 2
1 3 3 -3|-4

The reduced row echelon form of the augmented matrix is:

oo 2T
13| 13
40 | 9
010 — | =
13 | 13
0o 6| 2
i 13| 13

The solution set is
7 +21t 9 40t 24+46t y LER
13 137 13 137 13 13’ ’

8. The augmented matrix for the linear system is

3 0 -3 4 |-3
-4 2 -2 —4| 4
0 4 -3 2 |-3

The reduced row echelon form of the augmented matrix is:

i 34 | 4]
100 = |-
27 | 3
010 = |1
9
2 | 1
001 —=—|—=
I 27| 3]

The solution set is

4 34t ] 4t 1 . 2t ; feR
3 27 9’ 3 27 '
Question 30.
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1.
rT+y =
dr+3y = 2
3.
3x — 3y
dr —y—3z = 3
—2r—2y = -2
5.
—35132 — T3 = 2
x| +x3 = —2
7.
3r—2z = -3
—2x+z = -2
—z = 2
Solution.

2.
—3r+y =
dr+2y = 0
4.
20 — 4z
dr+3y—2z = 0
20+2z = 0
6.

r+2y+z = 1
20+ 3y + 22 =
r+y+z = 2

1. The augmented matrix for the linear system is
1 1|1
4 312
The reduced row echelon form of the augmented matrix is:
1 0] -1
0 1| 2

The system has a unique solution (—1, 2).

2. The augmented matrix for the linear system is
-3 1|1
4 210

The reduced row echelon form of the augmented matrix is:

1 o] -2
5
0 1 2
5
. . 1 2
The system has a unique solution 5 5 )
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3.

The augmented matrix for the linear system is

3 =3 0|3
4 -1 =-3| 3
-2 =2 0 | =2

The reduced row echelon form of the augmented matrix is:

1 001
01 0]0
1
00 1]=
3
. . 1
The system has a unique solution (1, 0, 3)
The augmented matrix for the linear system is
2 0 —4]1
4 3 =210
20 210
The reduced row echelon form of the augmented matrix is:
- 17
10 0] =
6
1
010 —<
3
00 1 L
— 6—

1 1 1
The system has a unique solution (6, —3 _6)

The augmented matrix for the linear system is
0 -3 —-1| 2
1 0 1 |-2

The reduced row echelon form of the augmented matrix is:

1 0 1]-2
01 1 2
3 3

The solution set is given by

2 ¢
—2—f, —=— 2t teR }.

The augmented matrix for the linear system is

12 11
2 3 20
11 12

The reduced row echelon form of the augmented matrix is:

[1 0 1]0
01 0|0
0 0 01

The system is inconsistent.
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7. The augmented matrix for the linear system is

3 0 =2|-3
-2 0 1 |-2
0 0 —-1] 2

The reduced row echelon form of the augmented matrix is:

1 0 0]0
00 1]0
0 0 01
The system is inconsistent.
Question 31.
1. 2.
3513'1 + 2513'2 + 333'3 = -3 —x1 + 3513'3 + x4
T1+2x9 —2x3 = —2 2x1 4+ 319 — 313 + 14
2[E1 — 2.%‘2 — 2(133 — Xy
3 4.
3£L‘1 — o + 31‘3 + 31‘4 = -3 3ZE1 — 31‘2 + T3 + 3ZL'4
T —Tog+2Tz+2Tg = 3 $1+$2—LE3—2$4
—3x1+ 319 —x3+2x4 = 1 4oy — 229 + 24
) 6.
—3x1 + 209 — 23 — 224 = 2 3x1 + 2o + Txs + 224
Tr1 — T — 31‘4 = 2351 — 4[[’2 + 14I3 — X4
4%1 — 3.732 + T3 —x4 = 1 51’1 + 111’2 — 71’3 + 8I4

221 + bxg — 43 — 324

7.
2%1 — T2 + 31’3 + 4564 =9
ry —2x3+Try = 11
3r1 — 3y +x3+drs = 8
201 + 1o +4xs + 424, = 10
Solution.

1. The augmented matrix for the linear system is

3 2 3|3
1 2 —-1|-2

13
—10
59
39
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The reduced row echelon form of the augmented matrix is

1
10 2 |—=
2

3| 3
01 —=|-2
2| 4

The solution set is

1 3 3t
—— -2, —S 4+ t) | teR ;.

2. The augmented matrix for the linear system is

-1 0 3 1|2
2 3 -3 1|2
2 =2 =2 —-1|-2

The reduced row echelon form of the augmented matrix is

The solution set is

1 00

1
~ 1
2
010 L1
2
001 L1
L 2_

The augmented matrix for the linear system is

3 -1
1 -1

3 3
1 1

-3 3 -1 2

t t t
l——, 1—=, 1—=,t) | teR }.

-3
3
1

The reduced row echelon form of the augmented matrix is

The solution set is

100
010

001

3t

8+, —6, 5

2

3

0
5
2

ot

I

-8
—6

) | er}.

4. The augmented matrix for the linear system is
3 -3 1 3 |-3
11 -1 =23
4 =2 0 1|0
The reduced row echelon form of the augmented matrix is
_ 1 11 -
10 —— — |1
3 2
2 3
01 — —= |2
3 2
00 O 0 |0
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s, tER}.

The solution set is

LR S B
39 3 T ™

5. The augmented matrix for the linear system is

-3 2 -1 =22
1 -1 0 =-31|3
4 -3 1 -—-1]|1

The reduced row echelon form of the augmented matrix is

101 8] =8
01 1 11|-11
000 O 0

The solution set is
{(-8—s—8t, =11 —s—11t, s, t) | s, teR}.

6. The augmented matrix for the linear system is

17 213
-4 14 —-1|-10
11 -7 8 | 59
5 —4 -3 39

N O DN W

The reduced row echelon form of the augmented matrix is

10 3 0] 4
01 -2 0| 5
00 0 1]-2
00 0 0]O0

The solution set is
{(4—-3t, 5+2t, t, =2) | teR}.

7. The augmented matrix for the linear system is

2 -1 3 419
1 0 =2 7|11
3 -3 1 5|8
2 1 4 4110

The reduced row echelon form of the augmented matrix is

0 —1

o O O
o= O O
_— o O O

1
0
0

N = O

The system has a unique solution (—1, 0,

—_
N}
N
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Question 32.

1.
—5513'1 — 2.1'2 —+ 2333 = 16
31‘1 + o — T3 = -9
21‘1 + 21’2 — T3 = —4
3.
31‘1 - 21’2 + 41’3 = —bH4
—T1 + X9 — 2%3 = 20
5331 — 4332 + 81‘3 = —83
d.
—2!171 +3{E2 —4$3+I4 =
—5x1 4+ 929 — 1323 + 324 =
—41'1 + 31’2 - 2I3 + 2ZE4
7.

6x1 — 1225 — b3 + 1624 — 225

—17
47

—44
—25

-53

—31’1 + 61’2 + 31’3 — 9[)’24 + Ty = 29
—41'1 + 81’2 + 3£C3 — 101’4 +x5 = 33

Solution.

1. The augmented matrix for the linear system is
-5 -2

3
2

31’1 — 3513'2 — 2.1'3 =
—61’1 + 4l‘2 + 31‘3
—2ZL’1 + o + X3

dr1 — 2x9 — T3 =
—6z1 + 59 + 10x3
—2x1 4+ 319 + 423
—3r1 + 229+ b3 =

5r1 — Ty — 93 — 214
4r1 — 19 — Tx3 — 224
—2x1 +4x3 + 24

—3x1 + 229 + 4x3 + 224

5r1 — dxy — 1523 — 314
—21‘1 + 2.%‘2 + 6(133 + x4

16
-9
—4

The reduced row echelon form of the augmented matrix is

The system has a unique solution (-2, 3, 6).

2. The augmented matrix for the linear system is
3 -3
—6 4
-2 1

1 00
010
0 01

23

—40
—12

23

—40
—12

26
21
—12
—11

—34
12
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The reduced row echelon form of the augmented matrix is

1 005
01 0|4
00 1] 2

The system has a unique solution (5, —4, 2).

The augmented matrix for the linear system is

3 -2 4 |-
-1 1 =21 20
5 —4 8 | =83

The reduced row echelon form of the augmented matrix is

10 010
01 =210
00 0|1

The system has no solutions.
The augmented matrix for the linear system is

4 =2 7| 5

-6 5 10| —-11
-2 3 4| =3
-3 2 5| -5

The reduced row echelon form of the augmented matrix is

1 0 06
01 0|-1
00 1|3
00 0] O

The system has a unique solution (6, —1, 3).
The augmented matrix for the linear system is

-2 3 -4 1 |-17
8 =5 2 4] 47
-5 9 —-13 3 |-44
-4 3 =2 2 |-=25

The reduced row echelon form of the augmented matrix is

10 -1 0|7
01 -2 0|-3
00 0 1|6
00 0 0O

The solution set is

{(T+t, —3+2t,t 6) | teR}.
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6. The augmented matrix for the linear system is

5 —1 -9 -2 26
4 -1 =7 =2| 21
-2 0 4 1 |-12
-3 2 4 2 |-11

The reduced row echelon form of the augmented matrix is

10 -2 0]0
01 -1 00
00 0 1|0
00 0 01

The system is inconsistent.
7. The augmented matrix for the linear system is

6 —-12 -5 16 -2 |-53
-3 6 3 -9 1] 29
-4 8 3 —10 1 | 33

The reduced row echelon form of the augmented matrix is

The solution set is

{(=4+2s—t, s, 5+2t t,2) | s, teR}.

8. The augmented matrix for the linear system is

5 —5 =15 -3 |-34
-2 2 6 1 12

The reduced row echelon form of the augmented matrix is
1 -1 -3 0] -2
0O 0 0 1| 8]

{(_2+5+3t7 s, t, 8) ‘ S, teR}

The solution set is

Question 33.
Find the reduced row echelon form of the given matrix
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-2 -1
-3 0

—4
-2

ADM

- 1
o <t <
I
1
N|n ©—n
1
< 0 O | —
<t 0 —
™ ™ ™
1 —
o — o | < o —~ o | S
o\ ) o O o - O — — O 441
[
—_ o co —oo = O O
L 1
. . . . )
(o] <t Nej o0 —
1
—_— 20_02
121
— T
120 _32
(I < 0 o
1
N o N o — o o~ o 23A_1
o — — O N o o o o — ~
—
— o co o —HO O — O O | <
1
— o e = o

|

-4 1 4
3 4 =3

. |

Solution.
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w
o O

)
— o O

L
S O
S O N
O = O

1 20 -1 10 -3 4
510 01 =2 6. 10 1 1 5
000 0 0 0 0
] [1 0 -1 0 =5
1004 -1 01 1 0 2
7.0 1.0 0 -1 8 3
1
I 3
(1 0 0 2
100 —2 010 %
9. 10 1 0 —1 10 5
0 1 0 8
001 =
I 5
I 3
10 —1 L o3
11. {01 0} 12. 01_1
] 4

Question 34.
Consider each of the following matrices as the augmented matrix of a linear system:

1 2 —1la e 23 1 a
.12 3 =28, 2 {g _11], 301 1 —1]b
1 -1 1 |e “ 0 5 —1|¢

For each case,
(a) Determine the values of a,b, ¢ for which this linear system is inconsistent.
(b) Determine the values of a, b, ¢ for which this linear system is consistent.

(c) If this system is consistent, determine whether it has a unique solution or infinitely many
solutions. Express the solution(s) in terms of a, b, c.

(d) Choose a specific set of values for a, b, ¢ that ensures the system is consistent and solve
the system.

Solution.

1. Applying Gauss-Jordan elimination, we have

9 —1| « 12 1| a 1 2 —1 a
ELREUIN 1 0 |b—2al =500 1 0 |2a—b] F=2% 001 0| 2a—0
=2l g 1 0 | c+a 01 0| c+a 00 0 |c—a+b
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1 0 —1| =3a+b
B2 001 0| 2a—b
00 O |c—a+bd
(a) If
c—a+b#0
then the system is inconsistent.
(b) If
c—a+b=0

the system is consistent.

(¢) In the case ¢ —a + b =0, the system has infinitely many solutions given by
{(=3a+b+t, 2a—0b, t) | teR}.

No matter what values a, b, c take, the system will not have a unique solution.
d) Let
a=1,b=1, c=0,

which satisfies ¢ — a + b = 0. Then the solution set for the system becomes
{(=2+¢t, 1,t) | teR}.

2. Applying Gauss-Jordan elimination, we have

111 a—1 1
. 1 1 a— _ Py
switch Ri,Rs |2 a—1]1| 3R 5 5| Fe—atn 2 , 2
a 1 1 24+a—a a
a 1 1 0 5 1 — 3

(a) The system is inconsistent if

24+ a—a?

5 =0, which implies a=—1, 2

and a
1— 5 # 0, which implies a # 2.
Thus, we conclude that when
a=—1.
the system is inconsistent.
(b) The system is consistent if a # —1.

(¢) The system has infinitely many solutions if

24+a—a®

5 =0, which implies a=—1, 2

and

1-—- % =0, which implies a = 2.

Thus when a = 2, the system has infinitely many solutions. In this case, the aug-
mented matrix becomes

1

S N

1
2
0 0
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The solution set is given by

{G2) [r=x}

When a # —1,2, we can continue with Gauss-Jordan elimination to get

a—1 1 1
2+a2_a2 R2 1 2 ? Rl_agl Ry 1 0 a —{ 1
0 0 1
a+1 a+1
. . 1 1
The system has a unique solution , ——
a+1 a+1

(d) Let a =0, then the system has a unique solution (1, 1).

3. Applying Gauss-Jordan elimination, we have

3 1| a FIE oy i I P =
1 5 "53| 7% 2 2 2 2 2 2
_%Rl 1 1 1 b Ro—Ry 0 § _1 bt o %RQ 0 1 11]2b i a
B 2 2 2 5|15 b
0 5 -1 ¢ 0 5 -1 c 0 5 -1 c
i 3 1 a i 41 3b a T
1 -2 2| -2 10 —-| 22
2 2 2 0 5 o 5
R3—5R2 1 2b a R1+%R2 1 2b a
Sl 1 -2 242 | ——= 1 = 249
5/ 5 * 5 0 5/ 5 * 5
0 0 0 |[c—2b—a 00 0 |c—2b—a
(a) The system is inconsistent when
c—2b—a#0.
(b) The system is consistent when
c—2b—a=0.

(¢) When ¢ — 2b — a = 0, the system has infinitely many solutions and the solution set

is given by
{(%—9+ﬁ,%+9+fj> teR}
5 5 575 5 5
No matter what values a, b, ¢ take, the system will not have a unique solution.
(d) Let

then
c—2b—a=0.

In this case, the system has solution set
3 4t 2 t
44— 4 t) | teR .
{Ges i) [ren)
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Question 35. Suppose x; and x are two distinct solutions of the linear system
Ax = b,
where A € M,,xn, b € R™.

1. Show that for any a € R, x1 + a(xy — x1) is also a solution of the linear system.
2. Show that if &1 + a(xs — x1) = @1 + B(x2 — 1), where a, [ € R, then a = f.

3. Prove that if a linear system has two distinct solutions, then it must have infinitely many
solutions.

Solution.

1. Since x; and @, are solutions of
Ax = b,

we have

Axi=b, Axz,=0.
Take any a € R, then
Az, + a(xy — 1)) = Az + aA(xy — 1) = b+ a(Axs — Ax) = b+ 0 =0b.
This shows that @, + a(xy — @1) is also a solution of the linear system.
2. Since x1 + a(xy — x1) = x1 + f(x2 — 1), we have
axs+ (1 — )z =Pz + (1 — By = (a — fas = (o — B)xy.
Since 1 # x5, we must have a — 8 = 0, which implies a = .

3. Suppose a linear system
Ar =0

has two distinct solutions x; and x,. From 1 we know that x; + a(xy — x1) is also a
solution of the linear system for any o € R. From 2 we know that for different values
of o, we can get different solutions @; + a(xs — @1). There are infinitely many different
values for «, by varying «, we get infinitely many solutions for the linear system.
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