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Inverse of 2× 2 matrices

A =

(
a b
c d

)
when

det(A) = ad− bc ̸= 0,

we have

A−1 =
1

det(A)

(
d −b
−c a

)

2 / 14



Inverse of 2× 2 matrices

A =

(
2 2
1 −1

)
The determinant of A is

det(A) = 2× (−1)− 1× 2 = −4 ̸= 0

Then

A−1 =
1

det(A)

(
−1 −2
−1 2

)
=


1

4

1

2
1

4
−1

2


Or by row operations

(
2 2 1 0
1 −1 0 1

)
R1→ 1

2
R1−−−−−−→

1 1
1

2
0

1 −1 0 1

 R2→R2−R1−−−−−−−→

1 1
1

2
0

0 −2 −1

2
1


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Inverse of 2× 2 matrices

A =

(
2 2
1 −1

)
By row operations1 1

1

2
0

0 −2 −1

2
1

 R2→− 1
2
R2−−−−−−−→

1 1
1

2
0

0 1
1

4
−1

2

 R1→R1−R2−−−−−−−→

1 0
1

4

1

2

0 1
1

4
−1

2


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Inverse of 2× 2 matrices
For A ∈ M2×2, when do we have A−1 = A?(

a b
c d

)
=

1

det(A)

(
d −b
−c a

)

a =
d

det(A)
, b = − b

det(A)
, c = − c

det(A)
, d =

a

det(A)

• b = c = 0, a = d, det(A) = a2 = 1

I2 =

(
1 0
0 1

)
, −I2 =

(
−1 0
0 −1

)
• det(A) = −1, a = −d

A =

(
a b
c −a

)
, a2 + bc = 1
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Inverse of 2× 2 matrices

A =

(
4 3
−5 −4

)
Then

A−1 =
1

4× (−4)− 3× (−5)

(
−4 −3
5 4

)
= −

(
−4 −3
5 4

)
=

(
4 3
−5 −4

)
= A
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Solve linear system using matrix inverse

−y + z = 2

2x+ 3y = 12

−x− z = −7

The system can be presented by Ax = b, where

A =

 0 −1 1
2 3 0
−1 0 −1

 , x =

x
y
z

 , b =

 2
12
−7


Find inverse of A 0 −1 1 1 0 0

2 3 0 0 1 0
−1 0 −1 0 0 1

 (−R3)↔R1−−−−−−−→

1 0 1 0 0 −1
2 3 0 0 1 0
0 −1 1 1 0 0


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Solve linear system using matrix inverse

−y + z = 2

2x+ 3y = 12

−x− z = −7

Find inverse of A1 0 1 0 0 −1
2 3 0 0 1 0
0 −1 1 1 0 0

 R2→R2−2R1−−−−−−−−→

1 0 1 0 0 −1
0 3 −2 0 1 2
0 −1 1 1 0 0

 R2→R2+3R3−−−−−−−−→
R2↔(−R3)

1 0 1 0 0 −1
0 1 −1 −1 0 0
0 0 1 3 1 2

 R2→R2+R3−−−−−−−→
R1→R1−R3

1 0 0 −3 −1 −3
0 1 0 2 1 2
0 0 1 3 1 2


8 / 14



Solve linear system using matrix inverse

−y + z = 2

2x+ 3y = 12

−x− z = −7

A−1 =

−3 −1 −3
2 1 2
3 1 2


The solution is given by

x = A−1b =

−3 −1 −3
2 1 2
3 1 2

 2
12
−7

 =

3
2
4


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Solve linear system using matrix inverse

A =


1 0 1 1
2 1 1 1
1 1 0 −1
1 2 2 0

 , b1 =


2
4
−2
7

 , b2 =


4
8
−7
8



1 0 1 1 1 0 0 0
2 1 1 1 0 1 0 0
1 1 0 −1 0 0 1 0
1 2 2 0 0 0 0 1

 R2→R2−2R1−−−−−−−−−−−−−−−−→
R3→R3−R1, R4→R4−R1


1 0 1 1 1 0 0 0
0 1 −1 −1 −2 1 0 0
0 1 −1 −2 −1 0 1 0
0 2 1 −1 −1 0 0 1



R3→R3−R2−−−−−−−−→
R4→R4−2R2


1 0 1 1 1 0 0 0
0 1 −1 −1 −2 1 0 0
0 0 0 −1 1 −1 1 0
0 0 3 1 3 −2 0 1


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Solve linear system using matrix inverse


1 0 1 1 1 0 0 0
0 1 −1 −1 −2 1 0 0
0 0 0 −1 1 −1 1 0
0 0 3 1 3 −2 0 1

 1
3
R4↔(−R3)−−−−−−−−→


1 0 1 1 1 0 0 0
0 1 −1 −1 −2 1 0 0

0 0 1
1

3
1 −2

3
0

1

3

0 0 0 1 −1 1 −1 0



R2→R2+R3−−−−−−−→
R1→R1−R3



1 0 0
2

3
0

2

3
0 −1

3

0 1 0 −2

3
−1

1

3
0

1

3

0 0 1
1

3
1 −2

3
0

1

3

0 0 0 1 −1 1 −1 0


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Solve linear system using matrix inverse



1 0 0
2

3
0

2

3
0 −1

3

0 1 0 −2

3
−1

1

3
0

1

3

0 0 1
1

3
1 −2

3
0

1

3

0 0 0 1 −1 1 −1 0


R1→R1− 2

3
R4−−−−−−−−−−−−−−−−−−→

R2→R2+
2
3
R4, R3→R3− 1

3
R4



1 0 0 0
2

3
0

2

3
−1

3

0 1 0 0 −5

3
1 −2

3

1

3

0 0 1 0
4

3
−1

1

3

1

3

0 0 0 1 −1 1 −1 0


=⇒ A−1 =

1

3


2 0 2 −1
−5 3 −2 1
4 −3 1 1
−3 3 −3 0


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Solve linear system using matrix inverse

A =


1 0 1 1
2 1 1 1
1 1 0 −1
1 2 2 0

 , b1 =


2
4
−2
7

 , b2 =


4
8
−7
8



x1 = A−1b1 =
1

3


2 0 2 −1
−5 3 −2 1
4 −3 1 1
−3 3 −3 0




2
4
−2
7

 =
1

3


−7
13
1
12



x2 = A−1b2 =
1

3


2 0 2 −1
−5 3 −2 1
4 −3 1 1
−3 3 −3 0




4
8
−7
8

 =
1

3


−14
26
−7
33


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Solve linear system using matrix inverse

A =


1 0 1 1
2 1 1 1
1 1 0 −1
1 2 2 0

 , b1 =


2
4
−2
7

 , b2 =


4
8
−7
8


We can verify that

Ax1 =
1

3


1 0 1 1
2 1 1 1
1 1 0 −1
1 2 2 0



−7
13
1
12

 = b1

Ax2 =
1

3


1 0 1 1
2 1 1 1
1 1 0 −1
1 2 2 0



−14
26
−7
33

 = b2
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