Algebra and Discrete Mathematics (ADM)

Tutorial 1 Vectors and matrices

Lecturer: Bc. Xiaolu Hou, PhD.
xiaolu.hou@stuba.sk



Vector

la] = V42 +32=v16+9=5

—a= (-4, -
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Vector addition and subtraction

a=(1, -3, 2, 5),b=(2, 2, 4, 0)

at+b = 7

b—a = 7
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Vector addition and subtraction

a=(1, -3, 2, 5),b=(2, 2, 4, 0)

a+b = bta= (142, -3+2, 244, 540)=(3, -1, 6, 5)
a—b (1-2, =3-2, 2—4, 5-0)= (-1, =5, -2, 5)
b—a = (1, 5, 2, =5)=—(a—0b)
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Projection vectors

® Projection of a onto b is given by

) a-b
PR S )
® Projection of b onto a is given by
proj, b = HaH2a
Example
a=(1, 3),b=(5 1)
a-b 1x5+3x1 8
Proo & = 12 52 + 1 % (
b a- 1x54+3x1 8(1
roj,b=—5a = —————a=—
Prola® = 1a112 12 + 32 10

)
)

=
3)_(

20
13
4
5

4

12
b}

)

)
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Projection vectors

Yy a Yy a
\\ 5 \‘\\\\
\‘—"““____,_,———,—_——————* b b
i -\
13 — T x
0 2 o1 %
20 4 4 12
a= (1, 3), b= (5 1), rojpa=|-—, — |, 0job=1-=, —
(1, 3) (5. 1), projy (13 13) PHola (5 5)
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Projection theorem

Theorem

a,beR", ifa #0, then b can be uniquely expressed in the form b = w, + wa, where
w1 is a scalar multiple of a and ws is orthogonal to a.

b=wi +wy =aa+ ws

Then

b-a= (aa+w2)-a:a|]a||2+('w2-a) :04Ha||2 = o=

is the only possible value for .

b-
b:—aa+'w2:projab+w2

lalf?
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Projection theorem

® a,bcR”
b = proj, b+ wo

® proj, b is called the vector component of b along a

® b — proj, b is called the vector component of b orthogonal to a
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Orthogonal projection on a line

¢ Find the orthogonal projections of the vectors
er = (1, 0)and ey = (0, 1) on the line L
that makes an angle 6 with the positive x—axis
in R?

® First we find the orthogonal projection of e
onto a := (cos 0, sin (9)

ejra  cosf+0

proj,e; = ||a”2a7 1 (cos&, sin@)

= (cos2 f, sinfcos 9)

® We note that for any other vector, u on the
line L, u = ca for some a € R

ael - a e -a
(@) = ——=a

Prelu €1 [alP

a?[|al?

Yy
621 L

————— cos @,sin 0)
|

1 : sin 0
d 5
cos 0 €1 T

® Similarly
. €1-a
prOJu 62 = WG

= (sin 0 cosf, sin’ 9)
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Matrices

3 1 2
A=[1]eMx, B= (17 2) € Mixa, C= <5> € Max1, D= <3 4> € Maxa

12 3
E:<4 5 6>€M2X3
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Special matrices

11 -1
upper triangular matrix A = (O 1 2
0 0 -1
10 0
lower triangular matrix B = (1 2 0
1 0 =3
d11 0
1 0 da
diagonal matrix C = 0 —2 ) =1 . i
0 O

0
0
3
00 ..
zero matrix O =
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Transpose of a matrix
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Matrix addition
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Matrix subtraction
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Matrix multiplication

A € Mani B S Mn)(r. C — AB S Mer

11
A:22,B:<14g_62>
3 3

I1x141x(—4) 1x04+1x15 1x(—=2)+1x6 ~3 5 4
AB=[2x142x(-4) 2x0+2x15 2x(-2)+2x6|=|-6 10 8
3x14+3x(—4) 3x0+3x15 3x(-2)+3x6 -9 15 12

pA_ [ 1X1+0x24+2x3 I1x14+0x24+(-2)x3\ (=5 =5
S\ 4 x14+5x24+6x3 —4x1+45x2+6x3 ) \24 24
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Matrix multiplication

=5 3)

=) G ) - (st Wi—;iz?’) - (‘4 )

or 1 =1\ (1 0\ [1x14(=1)x0 1x0+(—

27\ 3J\0 1)\ 5x1+3x%x0 5><0+3><1

o (1 O\ (1 —1) _ (1x1+0x5 Ix(=1)+0x3 1 -1
7\0 1)\ 3) \0x14+1x5 0x(=1)+1x3 5 3

16/18



Matrix multiplication

11 -1 300
A=[0o 1 2|, B=|-3 1 0|, AB#BA
00 1 4 5 2

O><3+1>< 2x4 O0x0+1x1+2x%x5 Ox0+1x0+2x%x2
0x3+0x( 1 x4 O0x0+0x1+1x5 Ox0+0x0+1x2

(—4 —4 —2

<3><1—|—0><0—|—0><0 3x1+0x1+0x0 Xx(=1)+0x2+0x1

Ix341x(=3)4+(-1)x4 1x0+1x1+(-1)x5 1x04+1x0+(-1)x2
(—=3)+
(-3)+

—3x14+1x04+0x0 —3x14+1x1+0x0 —3><( 1)+1x2+0x1
4x14+5x0+2x0 4x1+5x14+2x0 X (1) +5x2+2x1
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Properties of triangular matrices

Theorem

1. The transpose of a lower triangular matrix is upper triangular, and the transpose
of an upper triangular matrix is lower triangular.

2. The product of lower triangular matrices is lower triangular, and the product of
upper triangular matrices is upper triangular.

® 1 is trivial. We will prove 2.
® Let A= (ajj), B = (bij) € Myxn be lower triangular. Suppose C = (¢;;) = AB.
® When ¢ < j

cij = (aitbiy + aigbj + -+ + aii_1)bi—1);) + (aijbj; + - + @inbnj)

® In the first grouping of terms, b factors are zero since B is lower triangular

® In the second grouping of terms, a factors are zero since A is lower triangular
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