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Vector

a =
(
4, 3

)
,

−a =
(
−4, −3

)

∥a∥ =
√
42 + 32 =

√
16 + 9 = 5

x

y
a =

(
4, 3

)

−a =
(
−4, −3

)

0
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Vector addition and subtraction

a =
(
1, −3, 2, 5

)
, b =

(
2, 2, 4, 0

)

a+ b = ?

a− b = ?

b− a = ?
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Vector addition and subtraction

a =
(
1, −3, 2, 5

)
, b =

(
2, 2, 4, 0

)

a+ b = b+ a =
(
1 + 2, −3 + 2, 2 + 4, 5 + 0

)
=

(
3, −1, 6, 5

)

a− b =
(
1− 2, −3− 2, 2− 4, 5− 0

)
=

(
−1, −5, −2, 5

)

b− a =
(
1, 5, 2, −5

)
= −(a− b)
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Projection vectors
• Projection of a onto b is given by

projb a =
a · b
∥b∥2b

• Projection of b onto a is given by

proja b =
a · b
∥a∥2a

Example

a =
(
1, 3

)
, b =

(
5, 1

)

projb a =
a · b
∥b∥2b =

1× 5 + 3× 1

52 + 1
b =

8

26

(
5, 1

)
=

(
20

13
,

4

13

)

proja b =
a · b
∥a∥2a =

1× 5 + 3× 1

12 + 32
a =

8

10

(
1, 3

)
=

(
4

5
,

12

5

)
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Projection vectors

x

y

b

a

projba

20
13

4
13

0
x

y a

b

projab

4
5

12
5

O

a =
(
1, 3

)
, b =

(
5, 1

)
, projb a =

(
20

13
,

4

13

)
, proja b =

(
4

5
,

12

5

)
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Projection theorem

Theorem

a, b ∈ Rn, if a ̸= 0, then b can be uniquely expressed in the form b = w1 +w2, where
w1 is a scalar multiple of a and w2 is orthogonal to a.

Proof.

b = w1 +w2 = αa+w2

Then

b · a = (αa+w2) · a = α∥a∥2 + (w2 · a) = α∥a∥2 =⇒ α =
b · a
∥a∥2

is the only possible value for α.

b =
b · a
∥a∥2a+w2 = proja b+w2
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Projection theorem

• a, b ∈ Rn

b = proja b+w2

• proja b is called the vector component of b along a

• b− proja b is called the vector component of b orthogonal to a

8 / 18



Orthogonal projection on a line

• Find the orthogonal projections of the vectors
e1 =

(
1, 0

)
and e2 =

(
0, 1

)
on the line L

that makes an angle θ with the positive x−axis
in R2

• First we find the orthogonal projection of e1
onto a :=

(
cos θ, sin θ

)

proja e1 =
e1 · a
∥a||2 a =

cos θ + 0

1

(
cos θ, sin θ

)

=
(
cos2 θ, sin θ cos θ

)

• We note that for any other vector, u on the
line L, u = αa for some α ∈ R

proju e1 =
αe1 · a
α2∥a||2 (αa) =

e1 · a
∥a||2 a

x

y

cos θ

1

(cos θ, sin θ)

θ

e2

e1

L

sin θ

• Similarly

proju e2 =
e1 · a
∥a||2 a

=
(
sin θ cos θ, sin2 θ

)
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Matrices

A = [1] ∈ M1×1, B =
(
1, 2

)
∈ M1×2, C =

(
3
5

)
∈ M2×1, D =

(
1 2
3 4

)
∈ M2×2

E =

(
1 2 3
4 5 6

)
∈ M2×3
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Special matrices

upper triangular matrix A =



1 1 −1
0 1 2
0 0 −1




lower triangular matrix B =



1 0 0
1 2 0
1 0 −3




diagonal matrix C =



1 0 0
0 −2 0
0 0 3


 , D =




d11 0 . . . 0
0 d22 . . . 0
...

...
. . .

...
0 0 . . . dnn




zero matrix O =



0 0 . . . 0
...

...
. . .

...
0 0 . . . 0



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Transpose of a matrix

A =

(
1 2 3
4 5 6

)
, A⊤ =



1 4
2 5
3 6



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Matrix addition

A =



1 2 3
4 5 6
7 8 9


 , B =



−1 0 2
3 5 1
−2 2 −3




A+B = B +A =



1 + (−1) 2 + 0 3 + 2
4 + 3 5 + 5 6 + 1

7 + (−2) 8 + 2 9 + (−3)


 =



0 2 5
7 10 7
5 10 6



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Matrix subtraction

A =



1 2 3
4 5 6
7 8 9


 , B =



−1 0 2
3 5 1
−2 2 −3




A−B = −(B −A) =



1− (−1) 2− 0 3− 2
4− 3 5− 5 6− 1

7− (−2) 8− 2 9− (−3)


 =



2 2 1
1 0 5
9 6 12



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Matrix multiplication

A ∈ Mm×n, B ∈ Mn×r, C = AB ∈ Mm×r

A =



1 1
2 2
3 3


 , B =

(
1 0 −2
−4 5 6

)

AB =



1× 1 + 1× (−4) 1× 0 + 1× 1.5 1× (−2) + 1× 6
2× 1 + 2× (−4) 2× 0 + 2× 1.5 2× (−2) + 2× 6
3× 1 + 3× (−4) 3× 0 + 3× 1.5 3× (−2) + 3× 6


 =



−3 5 4
−6 10 8
−9 15 12




BA =

(
1× 1 + 0× 2 + 2× 3 1× 1 + 0× 2 + (−2)× 3
−4× 1 + 5× 2 + 6× 3 −4× 1 + 5× 2 + 6× 3

)
=

(
−5 −5
24 24

)
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Matrix multiplication

C =

(
1 −1
5 3

)

C2 =

(
1 −1
5 3

)(
1 −1
5 3

)
=

(
1× 1 + (−1)× 5 1× (−1) + (−1)× 3
5× 1 + 3× 5 5× (−1) + 3× 3

)
=

(
−4 −4
20 4

)

CI2 =

(
1 −1
5 3

)(
1 0
0 1

)
=

(
1× 1 + (−1)× 0 1× 0 + (−1)× 1
5× 1 + 3× 0 5× 0 + 3× 1

)
=

(
1 −1
5 3

)

I2C =

(
1 0
0 1

)(
1 −1
5 3

)
=

(
1× 1 + 0× 5 1× (−1) + 0× 3
0× 1 + 1× 5 0× (−1) + 1× 3

)
=

(
1 −1
5 3

)
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Matrix multiplication

A =



1 1 −1
0 1 2
0 0 1


 , B =




3 0 0
−3 1 0
4 5 2


 , AB ̸= BA

AB =



1× 3 + 1× (−3) + (−1)× 4 1× 0 + 1× 1 + (−1)× 5 1× 0 + 1× 0 + (−1)× 2
0× 3 + 1× (−3) + 2× 4 0× 0 + 1× 1 + 2× 5 0× 0 + 1× 0 + 2× 2
0× 3 + 0× (−3) + 1× 4 0× 0 + 0× 1 + 1× 5 0× 0 + 0× 0 + 1× 2




=



−4 −4 −2
5 11 4
4 5 2




BA =




3× 1 + 0× 0 + 0× 0 3× 1 + 0× 1 + 0× 0 3× (−1) + 0× 2 + 0× 1
−3× 1 + 1× 0 + 0× 0 −3× 1 + 1× 1 + 0× 0 −3× (−1) + 1× 2 + 0× 1
4× 1 + 5× 0 + 2× 0 4× 1 + 5× 1 + 2× 0 4× (−1) + 5× 2 + 2× 1




=




3 3 −3
−3 −2 5
4 8 8




17 / 18



Properties of triangular matrices

Theorem

1. The transpose of a lower triangular matrix is upper triangular, and the transpose
of an upper triangular matrix is lower triangular.

2. The product of lower triangular matrices is lower triangular, and the product of
upper triangular matrices is upper triangular.

Proof.
• 1 is trivial. We will prove 2.

• Let A = (aij), B = (bij) ∈ Mn×n be lower triangular. Suppose C = (cij) = AB.

• When i < j

cij = (ai1b1j + ai2b2j + · · ·+ ai(j−1)b(j−1)j) + (aijbjj + · · ·+ ainbnj)

• In the first grouping of terms, b factors are zero since B is lower triangular

• In the second grouping of terms, a factors are zero since A is lower triangular
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