ADM Lecturer: Be. Xiaolu Hou, Ph.D.

Tutorial 6

Bases and matrix operators

Question 1. Show that the following set of vectors forms a basis for R? and R3 respectively.

L{(2, 1), (3, 0)}

2. {(3, 1, —=4), (2, 5, 6)}, (1, 4, 8)

Question 2. Show that the following matrices form a basis for M 52.
1 3 6 0 -1 0 -8 1 0
"\3 —6/)7\-1 0 )" \—-12 —4)"\-1 2
5 11 1 -1 0 -1 10
“\1 1)7\0 0 )/)7\1 0 /)"\0 O

Question 3. In each part, show that the set of vectors is not a basis for R3
L{(2, =3 1), (4 1, 1), (0, =7, 1)}
2. {(1, 6, 4}, (2, 4, -1), (-1, 2, 5)

Question 4. Show that the following matrices do not form a basis for Msys.

G0 G2) Go) 6

Question 5. Find the coordinate vector of w relative to the basis S = { w1, uy } for R2.

Lou = (2, —4),u=(3, 8, w=(1, 1)

2. ulz(l, 1),u2:(0, 2),w:(a, b)
3.ur=(1, =1),us=(1, 1),w=(1, 0)
4w =(1, —-1),u=(1, 1), w= (0, 1)

Question 6. Find the coordinate vector of u relative to the basis S = { vy, vq, v3 } for R?
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Lvi=(1, 0, 0),ve=(2, 2, 0),v3=(3, 3, 3),u=(2, -1, 3)

2.v1=(1, 2, 3),va=(-4, 5, 6),v3=(7, =8, 9),u=(5 -12, 3)

Question 7. For each case, first show that the set S = { A;, Ay, A3, Ay } is a basis for Maya,
then express A as a linear combination of the vectors in S, and then find the coordinate vector
of A relative to S.

11 0 1 0 0 0 0 10
1 A1:<1 1>’A2:(1 1>’A3:(1 1)’A4:<o 1)’A:(1 0)
10 11 10 0 0 6 2
2= (i o) = (o 0) = (o 1) 4= 0) 4= 3)

Question 8. In each part, let T4 : R® — R? be multiplication by A, and let { e, es, €3}
be the standard basis for R®. Determine whether the set { T4(e;), Ta(esz), Ta(es) } is linearly
independent in R3

1 1 1
.A=10 1 -3
-1 2 0
1 1 2
22 A=(0 11
-1 2 1

Question 9. In each part, let T4 : R* — R? be multiplication by A, and let w = (1, -2, —1).
Find the coordinate vector of T4 (u) relative to the basis S = { (1, 1, O)7 (O, 1, 1), (1, 1, 1) }
for R3.

2 -1 0
.A=1(1 1 1
0 -1 2
010
2. A=11 0 1
0 01

Question 10. Find a basis for the solution space of the homogeneous linear system, and find
the dimension of that space
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1 2.
x1+$2—$3 = 0 3$1+$2+$3+$4 = 0
—2I1 — T2 + 2?[)3 = O 51’1 — X9 —|— T3 — Ty =
—X1 + Tr3 = 0
3 4.
2[E1 + o + 31’3 =0 Ty — 31’2 + r3 = 0
r1+5x3 = 0 201 — 629+ 223 = 0
To+ T3 = 0 3[[1 — 9272 + 3333 =
) 6.
x1—4x2+3x3—x4 = 0 r+y+=z 0
21‘1 — 8(172 + 6[L’3 — 21’4 =0 3x + 2y -2z =0
de+3y—z = 0
6r+5y+z = 0

Question 11. In each part, find a basis for the given subspace of R3, and sate its dimension
1. The plane 3z — 2y + 5z = 0.
2. The plane x —y = 0.
3. The line x = 2t, y = —t, z = 4t.

4. All vectors of the form (a, b, c), where b = a + c.

Question 12. In each part, find a basis for the given subspace of R*, and state its dimension.
1. All vectors of the form (a, b, c, O).
2. All vectors of the form (a, b, c, d), where d =a+ b and c =a —b.

c¢) All vectors of the form (a, b, c, d), where a =b=c=d.

Question 13. Show that the matrices

10 01 00 0 0
w=(0) = (00) = 0) (o)
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form a basis for Myys.

Question 14. Find the dimension of each of the following vector spaces.

1. The vector space of all diagonal n x n matrices.
2. The vector space of all symmetric n X n matrices.
3. The vector space of all upper triangular n x n matrices.

4. The vector space of all lower triangular n X n matrices.

Question 15. Find a standard basis vector in R? that can be added to the set {vi,v3} to
produce a basis for R3.

Lo =(-1, 2, 3),vo=(1, 2, —2).
2.v1=(1, -1, 0),v2=(3, 1, —2).

Question 16. Find standard basis vectors for R* that can be added to the set {vi,vs} to
produce a basis for R*.

vi=(1, —4, 2, =3), w=(-3, 8 —4, 6)

Question 17. The vectors v, = (1, -2, 3) and vy = (0, D, —3) are linearly independent.
Enlarge the set {v;,v5} to a basis for R3.

Question 18. The vectors v, = (1, 0, 0, O) and vy = (1, 1, 0, O) are linearly indepen-
dent. Enlarge the set {vy,v,} to a basis for R*.

Question 19. Consider the bases B; = {u;, us} and By = {vy, vy} for R? where

v @) e (B) () e ()
we (o) e () e () e (3)

1. Find the transition matrix from B, to B;

(a)
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2. Find the transition matrix from B; to By

3. Compute the coordinate vector [w]p,, where

o= (%)

and compute [w]p, using the transition matrix from By to By

4. Compute [w]p, directly

Question 20. Consider the bases B; = {u;, Uy, u3} and By = {vy, v, v3} for R?, where

(a)

2 2 1 3 1 -1
w=\1], w=1[1-1}), us=1[(2], vi=|(1], vo=111], v3=1 0
1 1 1 ) -3 2
(b)
-3 -3 1 —6 -2
U = 0 s Ug = 2 s U3 = 6 s V) = —6 s Vo = —6 s V3 =
-3 -1 -1 0 4

1. Find the transition matrix from B, to B;
2. Find the transition matrix from B; to Bs
3. Compute the coordinate vector [w|g,, where

-5
w = 8
-5

and compute [w|pg, using the transition matrix from B; to By

4. Compute [w]p, directly

uestion 21. Let B; = {u;,us} and By = {vy,v5} be the bases for R?, where
Q ) b b

wn() o) o) o)

An efficient way to compute the transition matrix Pp, ,p, is as follows
Step 1. Form the matrix (Bg ‘ Bl)

Step 2. Use elementary row operations to reduce the matrix in Step 1 to reduced row echelon
form

Step 3. The resulting matrix will be ([ ‘ P31%32)
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Step 4. Extract the matrix Pp,_,p, from the right side of the matrix in Step 3

In diagram

row operations

(new basis ‘ old basis) ([ ‘ transition from old to new) (1)

1. Apply the above procedure to find the transition matrix Pg,_,p,
2. Apply the above procedure to find the transition matrix Pg, .z,

3. Confirm that Pp,_,p, and Ppg,_,p, are inverses of one another

4. Let w = (?) Find [w]p, and then use the matrix Pp, g, to compute [w]p, from [w]p,

5. Let w = (?) Find [w]p, and then use the matrix Pp,_,p, to compute [w]p, from [w]g,

Question 22. Let S be the standard basis for R?, and let B = {v, vy} be the basis in which

=) (2

1. Find the transition matrix Pg_,s by inspection
2. Use Formula (1) to find the transition matrix Ps_,p

3. Confirm that Pz_,g and Ps_, g are inverses of one another

4. Let w = <_53> Find [w]p and then use the matrix Pp_,5 to compute [w]g from [w]g

5. Let w = (_35) Find [w]s and then use the matrix Ps_,p to compute [w]p from [w]g

Question 23. Let S be the standard basis for R3, and let B = {v,vs,v3} be the basis in
which

1 2 3
v = 2 , Vg = 5) , Usg = 3
1 0 8
1. Find the transition matrix Pg_,s by inspection
2. Use Formula (1) to find the transition matrix Ps_,p
3. Confirm that Pg_,¢ and Ps_, g are inverses of one another
5)
4. Let w = | =3 |. Find [w]p and then use the matrix Pp_,s to compute [w]g from [w]p
1
3
5. Let w = | =5 |. Find [w]s and then use the matrix Ps_,p to compute [w]p from [w]g
0
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Question 24. Let S = {ej, ey} be the standard basis for R?, and let B = {v;,v2} be the
basis that results when the vectors in S are reflected about the line y = z.

1. Find the transition matrix Pg_.g

2. Show that PS¢ = Ps_.p

Question 25. Let S = {ej, ey} be the standard basis for R?, and let B = {v;,vs} be the
basis that results when the vectors in S are reflected about the line that makes an angle 6 with
the positive z—axis.

1. Find the transition matrix Pg_,g

2. Show that PJ—BF—>S = PS—>B

Question 26. Find the domain and codomain of the transformation Ty(x) = Az

1. A€ Msyo 2. A e Mayys
3. A€ Msys 4. A € My
5. A e M4><5 6. Ac M5><4
7. A€ Mixa 8. A€ M3><1

Question 27. Find the domain and codomain of the transformation defined by the equations

1. 2.
w, = 4.171 + 51’2 wp = 51‘1 — 7.172
Wy = T1 — 81’2 Wy = 6.’L'1 + X9
wy = 2x1 + 3%
3 4.
wy = 1 — 49 + 8x3 wy = 2x1+ Txy — 4xs
wy = —x1+ 41‘2 + 2ZL‘3 Wy = 41‘1 - 31’2 + 21’3
wy = —3I1 + 2$2 — 5.733

Question 28. Find the standard matrix for the transformation defined below
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wp, = 2.1'1 — 3372 + Z3 wp = 7.771 -+ 233'2 — 833'3
Wy = 31‘1 + 5272 — T3 Wy = —XT9 -+ 5ZE3

wy = 4131 +7l’2 — T3

il 7[L‘1+2$2—ZE3+JI4
4 T 2 = I —I— T3
T3 .
Ty !
0
T 0
5 T ) = 0
T3 0
0
I i4
1
6. T|™|=] s
T3 Lo
T4 Tr1 — I3

Question 29. Find Ts(x).

a3 e ()

1
120

2 A:( ),a:: 1
3 15 5
-2 1 4 T

34=[3 5 7)., 2=
6 0 —1 T3
11

4. A= 2 4,m:(“)
78 2

Question 30. The images of the standard basis vectors for R? are given for a linear transfor-
mation 7 : R* — R3. Find the standard matrix for the transformation, and find T'(x).
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1 0 4 2
1.T(e1)=13]|,T(ea)=(0],T(es)=1-3],xz= |1
0 1 -1 0

2 -3 1 3

2.T(er)= (1], T(ex)=|—-1]|,T(es)=|(0],z= ]2
0 2 1

Question 31. Use matrix multiplication to find the reflection of (—1, 2) about the

1. z—axis 2. y—axis 3. liney ==

Question 32. Use matrix multiplication to find the reflection of (a, b) about the

1. z—axis 2. y—axis 3. liney ==

Question 33. Use matrix multiplication to find the reflection of (2, -5, 3) about the

1. xy—plane 2. xz—plane 3. yz—plane
a
Question 34. Use matrix multiplication to find the reflection of | b | about the
c
1. zy-plane 2. xz-plane 3. yz-plane

Question 35. Use matrix multiplication to find the orthogonal projection of ( ) onto the

-5

1. x-axis 2. y-axis

Question 36. Use matrix multiplication to find the orthogonal projection of (a) onto the

b

1. x-axis 2. y-axis

—2
Question 37. Use matrix multiplication to find the orthogonal projection of | 1 | onto the
3
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1. zy-plane 2. xz-plane 3. yz-plane
a
Question 38. Use matrix multiplication to find the orthogonal projection of | b | onto the
c
1. zy-plane 2. zz-plane 3. yz-plane

Question 39. Use matrix multiplication to find the image of the vector (_3 4> when it is

rotated about the origin through an angle of

1. 6 =30° 2. 0 =-60° 3. 0 =45° 4. 6 =90°

Question 40. Use matrix multiplication to find the image of the nonzero vector v = (21)
2

when it is rotated about the origin through

1. a positive angle 6 2. a negative angle —0

2
Question 41. Use matrix multiplication to find the image of the vector | —1 | if it is rotated
2

1. 30° clockwise about the positive z-axis.
2. 30° counterclockwise about the positive y-axis.
3. 45° clockwise about the positive y-axis.

4. 90° counterclockwise about the positive z-axis.

Question 42. Use matrix multiplication to find:

1. The contraction of < 9

1
) with factor v = 5

2. The dilation of ( 9

) with factor a = 3.

10
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Question 43. Use matrix multiplication to find:

1
1. The contraction of (Z) with factor —, where o > 1.
Q@

2. The dilation of (Z) with factor a, where a > 1.

Question 44. Use matrix multiplication to find:

2
1
1. The contraction of | —1 | with factor -.
3
2
2. The dilation of | —1 | with factor 2.
3

Question 45. Use matrix multiplication to find:

a
1
1. The contraction of | b | with factor —, where a > 1.
Q@
c

a
2. The dilation of | b | with factor «, where a > 1.

Question 46. Use matrix multiplication to find:

1
1. The compression of < 9 > in the x-direction with factor 7

1
2. The compression of ( 9 ) in the y-direction with factor 3

Question 47. Use matrix multiplication to find:

1. The expansion of ( 21) in the z-direction with factor 3.

2. The expansion of ( 9 ) in the y-direction with factor 3.

11
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Question 48. Use matrix multiplication to find:

1

2

a

b

1
. The compression of ( ) in the z-direction with factor —, where v > 1.
o

a

. The expansion of ( b

) in the y-direction with factor o, where o > 1.

Question 49. In each part, determine whether the operators T} and T5 commute, i.e. whether

T10

1.

T2 - TQ (¢] Tl.
Ty : R? — R? is the reflection about the line y = z, and T, : R? — R? is the orthogonal
projection onto the x-axis.

. T} : R? — R? is the reflection about the z-axis, and T, : R? — R? is the reflection about
the line y = .

. Ty : R? — R? is the orthogonal projection onto the z-axis, and T, : R? — R? is the
orthogonal projection onto the y-axis.

m

. Ty : R? — R? is the rotation about the origin through an angle of T and T5 : R? — R?
is the reflection about the y-axis.
Ty : R? — R? is a dilation with factor a, and T5 : R?* — R? is a contraction with factor
1
—, where a > 1.
o

. Ty : R? — R3 is the rotation about the z-axis through an angle 0, and T5 : R? — R3 is

the rotation about the z-axis through an angle 6.

Question 50. Find the standard matrix for the stated composition in R?.

1

. A rotation of 90°, followed by a reflection about the line y = x.

1
. An orthogonal projection onto the y-axis, followed by a contraction with factor 3

. A reflection about the z-axis, followed by a dilation with factor 3, followed by a rotation
about the origin of 60°.

A rotation about the origin of 60°, followed by an orthogonal projection onto the z-axis,
followed by a reflection about the line y = x.

. A dilation with factor 2, followed by a rotation about the origin of 45°, followed by a
reflection about the y-axis.

. A rotation about the origin of 15°, followed by a rotation about the origin of 105°, followed
by a rotation about the origin of 60°.

12
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Question 51. Find the standard matrix for the stated composition in R3.
1. A reflection about the yz-plane, followed by an orthogonal projection onto the zz-plane.
2. A rotation of 45° about the y-axis, followed by a dilation with factor v/2.
3. An orthogonal projection onto the zy-plane, followed by a reflection about the yz-plane.
4. A rotation of 30° about the z-axis, followed by a rotation of 30° about the z-axis, followed

1
by a contraction with factor T

5. A reflection about the zy-plane, followed by a reflection about the xzz-plane, followed by
an orthogonal projection onto the yz-plane.

6. A rotation of 270° about the z-axis, followed by a rotation of 90° about the y-axis, followed
by a rotation of 180° about the z-axis.

Question 52. Let x = (il) be a vector in R2. Consider the linear transformations 7} : R? —
2

R? and 75 : R? — R? defined by

1+ 3
nie) = (100) mw =,

1. Find the standard matrices for 77 and T5.
2. Find the standard matrices for 77 o T, and 15 o Tj.
3. Find the standard matrices for 77 o T o T} and T o T, o T5.

4. Use the matrices obtained in part 2 to find formulas for T3 (7 (x)) and Ty (T} (x))

sl

Question 53. Let £ = | 25 | be a vector in R3. Consider the linear transformations 7 :
Zs3

R? — R3 and T5 : R? — R? defined by

41‘1 1+ 21’2
T1<CL'> = —21'1 + X9 s Tg(w) = 233’3
—I1 — 3.%'3 4513'1 — X3

1. Find the standard matrices for 7} and T5.
2. Find the standard matrices for 77 o T, and 15 o Tj.
3. Find the standard matrices for 17 o T5 o T} and 17 o T o Th.

4. Use the matrices obtained in part 2 to find formulas for 7 (75 (x)) and T3 (T3 (x))

13



