ADM Lecturer: Be. Xiaolu Hou, Ph.D.

Tutorial 5

Vector spaces and linear independence

Question 1. Consider R? together with addition and scalar multiplication defined as follows:
for any w = (w1, us), v = (v1, v2) € R? and any a € R

utv=(u+o, ustv), a®u=(0, au)
1. Compute u + v and a ® u for u = (—1, 2), v = (3, 4) and a = 3.
2. Prove that (R?, +,®) is closed under addition and scalar multiplication.

3. Since vector addition in (R? +,®) coincides with standard vector addition in the usual
vector space (R?, +, ), certain vector space axioms must hold for (R?, +, ®) because they
are known to hold in (R? +,-). Identify which axioms these are.

4. Show that Axioms 5, 6, 7 of a vector space hold in (R?, +, ®).

5. Show that Axiom 8 does not hold and hence that (R? +,®) is not a vector space

Question 2. Consider R? together with addition and scalar multiplication defined as follows:
for any u = (ul, uz) , V= (vl, 112) € R?, and any o € R

udv= (u1+vl—|—1, u2—|—v2+1), au = (aul, ozug)
1. Compute u & v and au for u = (O, 4), v = (1, —3) and o = 2.
2. Show that (0, 0) does not serve as the additive identity in (R?, @, ).
3. Prove that the additive identity in (R?, @, ) is given by (=1, —1)
4. Show that Axiom 4 holds by finding the additive inverse of any given u € R?

5. Identify two vector space axioms that do not hold in (R? ¢, -).

Question 3. For each of the following sets equipped with the given operations, determine
whether it forms a vector space. For those that are not vector spaces identify the vector space
axioms that fail.

1. The set of all real numbers with the standard operations of addition and multiplication.

2. The set of all pairs of real numbers of the form (:E, O) with the standard vector addition
and scalar multiplication in R2.

3. The set of all pairs of real numbers of the form (x, y) such that z > 0, with the standard
vector addition and scalar multiplication in R2.

4. The set of all n—tuples of real numbers that have the form (a:, Ty oo, x) with the
standard vector addition and scalar multiplication in R".
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5. The set R? with the standard vector addition, but with scalar multiplication defined as
o (ul, Uog, u3) = (a2u1, a2u2, a2u3) .

6. The set of all invertible 2 x 2 matrices, together with the standard matrix addition and
scalar multiplication.

7. The set of all diagonal 2 x 2 matrices of the form

(6 3)

together with the standard matrix addition and scalar multiplication

8. The set of all real-valued functions f defined everywhere on the real line satisfying the
condition f(1) = 0, together with addition and scalar multiplication defined as follows

(f +9)(x) = f(z) +g(z), (af)(z)=af(z)
9. The subset of R? consisting of all pairs of the form (1, y) with the operations
(Loye v)=0 yt+y), ao(l y)=(1 ay)
10. The set of polynomials of the form ay + a;2 with the operations

(CLO + alx) + (bo + bl.CE) = (ao + bo) + (al + bl)SE

and
alag + a1z) = aag + carx

Question 4. Verify Axioms 1, 2, 5, 6, and 7 for the vector space Msys.
Question 5. Verify Axioms 2, 5, 6, 7, and 8 for the vector space F(R,R).

Question 6. Show that R? with the usual addition and scalar multiplication defined as
Q (ul, UQ) = (aul, O)

satisfy Axioms 1-7.

Question 7. Consider R.q, the set of positive real numbers. Define addition and scalar
multiplication as follows: for any u,v € Ry and any a € R

uPv=uv, a@u=u"
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Verify that Axioms 1 — 5, 7, and 8 hold.

Question 8. Show that the set of all points in R? lying on a line is a subspace of (R?, +, ) iff
the line passes through the origin.

Question 9. Show that the set of all points in R? lying in a plane is a subspace of (R3, +, ")
iff the plane passes through the origin.

= If a plane is a subspace of (R3, +, ), by definition it contains the zero vector (O, 0, O),
which is the origin.
<= If a plane passes through the origin, it can be represented by an equation of the form

ar +by+cz=0
for some a,b,c € R. Let
W={(z, y, 2) | ax+by+cz=0}
denote such a plane. Take any (xl, Y1, zl), (IE27 Yo, z2) from W and any a € R. Then
ary + by, +cz1 =0, axg+ bys + czo = 0.

We have
(xla Y1, 21) + ($2, Y2, 2’1) = ($1 + T2, Y1 tY2, 21+ Zz) .

We have
a(zy + x2) + b(y1 + o) + (21 + 20) = (awy + byy + cz1) + (axs + bys + c23) = 0

= (xl’ Y1, Zl) + ('IQa Y2, ZQ) e Ww.

Thus W is closed under addition. Furthermore, W is also closed under scalar multiplication:
oz, yi, 21) = (az1, oy, az), aloxr)+blay) + claz) = alaz; + bys + cz1) =0

:>Oé(flf17 Y1, 21)€W

Question 10. Determine which of the following are subspaces of R3.

1. All vectors of the form (a, 0, 0O

)
)

—_

2. All vectors of the form (a, 1,
3. All vectors of the form

a, b, c), where b =a + ¢
4. All vectors of the form )

a, b, c),whereb=a+c+1

(
(
(
(

5. All vectors of the form (a, b, 0)

Question 11. Determine which of the following are subspaces of M,,«,.
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1. The set of all diagonal n x n matrices

2. The set of all n x n matrices A such that det(A) =0

3. The set of all n x n matrices A such that tr (A) =0

4. The set of all symmetric n x n matrices

5. The set of all n x n matrices A such that AT = —A

6. The set of all n x n matrices A for which Az = 0 has only the trivial solution

7. The set of all n x n matrices A such that AB = BA for some fixed n X n matrix B.

Question 12. Which of the following are subspaces of R*?
1. All sequences v € R* of the form v = (U, 0, v, 0, v, 0, .. )
2. All sequences v € R*™ of the form v = (v, 1, v, 1, v, 1, .. )
3. All sequences v € R* of the form v = (v, 2v, 4v, 8v, 16v, .. )

4. All sequences in R* whose components are 0 from some point on.

Question 13. Which of the following are linear combinations of u = (0, -2, 2), v =
(1, 3, —1)
L (2, 2, 2 2. (0, 4, 5) 3. (0, 0, 0)

Question 14. Express the following as linear combinations of u = (2, 1, 4), v = (1, -2, 3)
and w = (3, 2, 5).

1. (-9, =7, —=15) 2. (6, 11, ©) 3. (0, 0, 0)

Question 15. Which of the following are linear combinations of

a=(4 ) m-(33) e-(0 )
(5 ) > (¢ o) s ()

Question 16. In each part, determine whether the vectors span R3.
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Question 17. Suppose that v; = (2, 1, 0, 3), vy = (3, -1, 5, 2), and vz = (—1, 0, 2, 1).
Which of the following vectors are in span{vy, ve, v3}?

1. (2, 3, =7, 3) 2. (0, 0, 0, 0)
3.(1, 1, 1, 1) 4. (-4, 6, —13, 4)

Question 18. Determine whether the solution space of the system Ax = 0 is a line through
the origin, a plane through the origin, or the origin only. If it is a plane, find an equation for
it. If it is a line, find parametric equations for it.

-1 1 1 1 2 3
.A=|3 -1 0 2.A=12 5 3

2 —4 =5 1 0 8

1 -3 1 1 -1 1
3.A=12 -6 2 4. A=12 -1 4

3 -9 3 3 1 11

10 4 21 18 -9 —-14
5 A= 0 -4 3 6. A= 6 -3 -5

-5 -1 =12 -3 1 2

3 —6 9 3 6 -9
7. A=[-2 T =2 8. A= 0 0 -2

0 1 5 -2 1 5

a b b
9. A=1|b a b|, a#0o0orb#0

b b a

Question 19. Explain why the following form linearly dependent sets of vectors
Lou = (-1, 2, 4), uy=(5 -10, —20) in R?
2. u =3, —1), uy=(4 5), uz=(-2, 7)inR

-3 4 3 —4) .
3A:(2 O), B:<_2 O)IHMQXQ

Question 20. In each part, determine whether the vectors are linearly independent or are
linearly dependent in R3.
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Question 21. In each part, determine whether the vectors are linearly independent or are
linearly dependent in R*.

1. (3, 8 7, =3),(1, 5, 3, —1),(2, =1, 2, 6), (4, 2, 6, 4)

2. (3, 0, =3, 6),(0, 2, 3, 1), (0, =2, =2, 0), (-2, 1, 2, 1)

Question 22. Prove the following theorem

Theorem 1 S = {vy,vs,...,v,} spans R™ iff the determinant

V1
Vo

£ 0.

Un

Question 23. In each part, determine whether the matrices are linearly independent or
dependent.

10 12 0 1) .
(e) () ()
1 -1 1 -1 11 .
2o 0) (B ) () moes
00 000 00 0.
> ( 0 0)’ (0 1 0)’ (0 0 1) in Mazxs.

O =

Question 24. Determine all values of a for which the following matrices are linearly indepen-

dent in M2><2
1 0 -1 0 2 0
1 a)’ a 1)’ 1 3

Question 25. In each part, determine whether the three vectors lie in a plane in R3
1. vy = (2, -2, 0), vy = (6, 1, 4), v3 = (2, 0, —4)
2. v1=(-6, 7, 2),v2=(3, 2, 4),v3=(4, -1, 2)
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Question 26. In each part, determine whether the three vectors lie on the same line in R3
Lov= (-1, 2, 3),vo=(-2, =4, —6),v3= (-3, 6, 0)
2. v1=(2, -1, 4),v2=(4, 2, 3),v3=(2, 7, —6)

3. vy = (47 67 8)7 Uy = (27 37 4)7 U3 = (_27 _37 _4)

Question 27. For which values of A do the following vectors form a linearly dependent set in

R3?
1 1 1 1 1 1
U1 = )\7 -5 —5 ) V2= |5 >\7 -z UVs=\|—z, —%, A
2 2 2 2 2 2

Question 28. For each part, first show that the vectors vy, vo, v3 are linearly dependent in
R%. Subsequently, demonstrate that each vector can be expressed as a linear combination of
the remaining two.

L vy=(0, 3, 1, =1),va=(6, 0, 5, 1),vs=(4, =7, 1, 3)

2.v1=(1, 2, 3, 4),v,=(0, 1, 0, —1),v3=(1, 3, 3, 3)



