ADM Lecturer: Be. Xiaolu Hou, Ph.D.

Tutorial 2

Vectors and Matrices

1 Vectors

Question 1. Given points A, B, C, find coordinates of B such that
a AB and AC are orthogonal

b AB and AC are parallel

1. A=(3,5), B=(2,y), C = (2,8)

2. A=(=2,5), B=(l,y), C = (4,-3)
3. A=(1,5), B=(-1,y), C = (2,—-3)
4. A=(2,1), B=(z,-2), C=(1,3)

Question 2. Consider the triangle with vertices A, B, and C', AABC'. Define the vectors
a:B_C), b:A_C), c=AB.

Let M, N, and P denote the midpoints of the sides BQ) AC, ani} AB, respectively.
Determine the expressions for the vectors AM, BN, and CP in terms of a, b, and c.
Subsequently, rewrite these expressions using only the vectors a and b.

Question 3. Given points A, B, find « such that the norm of the vector AB, HA—B)H equals the
specified value d.

1. A=(2,-3), B=(z,0), d=5
2. A=(1,4), B=(z,1), d=4
3. A=(1,5), B=(1,2), d=6

Question 4. Prove that the triangle AABC' is isosceles.
1. A=(-3,-2), B=(1,4), C = (=5,0).
2. A= (7’ -3, 6)7 B = (11’ _5’3)7 C = (107 =T, 8)

Question 5. Given vectors a = [3, —2} and b = [—1, 5], find vector ¢ such that:
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Question 6. Find vectors a such that it is orthogonal to the given vector b and a norm equal
to the specified value d.

1.b=[3, 4],d=15

2.b=1[-3, 2|,d=10
3.b=11, 4],d=38

4.b=[-1, 2],d=7
5. b=1[2, —5],d=21

Question 7. Find the vector c.

1. From the equation:

2c+3a=>b, where a=[-1, 2], b=[0, -2].
2. From the equation:

3c—a=2b, where a=[3, —1], b=][0, 2].
3. From the equation:

2c—2a=>b, where a=[3, —1], b=1[0, 2].

4. From the equation:

3c+5a=4b, where a=[2, 4], b=[1, —-2].

Question 8. Calculate the side lengths of the triangle AABC. Additionally, find the coordi-
nates of a fourth point D such that the quadrilateral ABC'D forms a parallelogram.

1. A= (-4,-2), B=(-1,4),C = (2,2)

5,1), B=(4,2),C = (—1,4)
B =(7,4),C = (5,6)

A
LA
A

-~ W N

(
(3,2),
(

~1,2), B=(-3,4),C = (~3,-3)

Question 9. Calculate the lengths of the sides and diagonals of the specified quadrilateral
ABCD, classity its type.
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1. A=(8,-4), B=(5,—6), C=(1,—4), D= (4,2)
2. A=(-2,-3), B=(-5,-7), C =(-1,-10), D = (2, —6)
3. A=(7,5), B=(=6,2), C =(3,—1), D=(6,1)

Question 10. Find the interior angles of the triangle AABC, where

A= (5V3,5), B=(—V3,1), C =(0,0)

Question 11. Identify which of the following vector pairs are parallel.

1. [-2, 3, 1], [6, —4, —3]

2. [10, =8, 9, 0, 24},{2, —; Z, 0, 2}

3. [8, =6, =9, -8, —2},{_% 8, 12, % 2}
4. [0, 0, 2, 3, 5],{0, 1 %, 2, %

Question 13. For any a,b € R", show that b — proj,b is orthogonal to a.

Question 14. Take any a,b € R", where both vectors are nonzero.
1. Suppose a and b are orthogonal. Find proj,b.

2. Suppose a and b are parallel. Find proj,b.
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2 Matrices

Question 1. Let

—4

A=10
6
[—7

D__3

Compute, if possible, the following matrices.

1. A+B
4. C+D

7. 4A
10. 2A - 3B
13. C+3F - F

For Questions 2-5, let

A:

2 3 6 —1 0 |

5 —1 B=|2 2 -4 C=|", |

1 =2 3 -1 1]

. 3 -3 5 8 —1

o | E={1 0 2| F=|2 0
6 7 -2 5 -3

2. 2A—-3E—-B 3. 20T —3F

5. 2D —3F 6. 5(FT —DT)

8. AT+ ET 9. (B—A)T+ET)'

11. (A+E)T 12. A-B+E

14. 4D +3FT

3 0

Question 2. Compute, if possible, the following matrices.

1. D+ E

3. D-F

5. bA

7. =7D
9.2B-C
11. 4E - 2D

2. =3(D +2E)
4. A—A

6. tr (D)

8. tr (D — 3E)
10. 4tr (7B)
12. tr (A)

Question 3. Compute, if possible, the following matrices.
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1. 2AT +C 2. 2ET —3DT

3. fDT — E)TT 4. EzET) —3D7)7T
5. (D—F 6. (CD)E

7. BT +5CT 8. C(AB)

9. 10T - 1A 10. tr (DET)

11. B—B" 12. tr (BC)

Question 4. Compute, if possible, the following matrices.

1. AB 2. BA

3. (3E)D 4. (AB)C

5. A(BO) 6. CCT

7. (DA)T 8. (CTB)AT

9. tr (DDT) 10. tr (4ET — D)
11. tr (CTAT +2ET) 12. tr (ECT)TA)
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Question 5. Compute, if possible, the following matrices.

1. 2DT — E)A 2. (BAT —20)7
3. (4B)C + 2B 4. BT(CCT — ATA)
5. (—AC)T +5D7T 6. DTET — (ED)T

Question 6. Given matrices
A€ Myxs, BEMuxs, C€Msxa, D€ Myxa, FE € Msuy,

for each of the cases below, determine whether the given computation is defined. If it is, specify
the size of the resulting matrix.

1. BA 2. A-3ET 3. BC—3D
4. ABT 5. E(5B + A) 6. D'(BE)
7. AC+ D 8. CDT 9. B'TD+ED
10. E(AQ) 11. DC 12. BAT + D

Question 7. Determine which of the following matrices are square, diagonal, upper or lower
triangular, symmetric, or skew-symmetric. Compute the transpose of each matrix.

1 4 -1
A=1|0 1}, B:B_ﬂk C:ﬁj}} D=4
6 0 )
0 0 6 382 1 6 0 0
E=10 —6 0 F = G=10 6 0
-6 0 0 0 100 00 6
1101
0 -1 6 2 0100 1 2 3 4
1 0 -7 1 1011 -2 1 5 6
H=1146 7 0o _4 J=10 11 1 K=|.3 5 1 71
2 —1 4 0 0110 —4 -6 -7 1
1 1 1 000 [1 0 0]
L=10 11 M=1100 N=1(01 0
0 0 1 110 0 0 1]
0 1 -2 00 6 2]
P = Lo Q=14 00 R=1|3 -2
L -1 2 3 -1 0
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For Questions 8-13, let

-2 3 -5 3 6 11 -2
A=16 5 B=1|3 8 0 C=|-4 -2

1 —4 -2 0 4 3 -1

EREN. R 0
D=2 17 5 E = F=

05 5 9 0001 2 0

L 1010 8 -3

5 1 0 6 3 1 8
G=10 -2 -1 H=|1 -15 =5 J= -1

1 0 3 -2 —1 10 4

2 1 =5 10 9 7 -1
K=1o 2 7} L‘[S 7} M [11 3}

(0 0 3 —1 1 4 -1 6
N:_oo} P:L 7] Q:[87—33]
R=[-3, 6, —2 S=1[6, —4, 3, 2] T=1[4, -1, 7]

Question 8. Compute, if possible, the following matrices.

1. AB 2. BA

3. JM 4. DF

5. RJ 6. JR

7. RT 8. SF

9. KN 10. F?

11. B? 12. E®

13. (TJ)? 14. D(FK)
15. (CL)G

Question 9. Identify which of the following matrix pairs commute.

1. L and M 2. Fand Q)
3. Gand H 4. R and J
5 Aand K 6. N and P

Question 10. Find the specified row or column of the matrix product for the given matrices.
1. The second row of the product BG
2. The third column of the product DE
3. The first column of the product SE

4. The third row of the product F'Q)
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Question 11.

Verify whether the following computations can be performed.

If they are

possible, identify which of the specified equalities hold. Provide justification by naming the
relation and referencing the mathematical properties that confirm or disprove the validity of

the equality.
1. (RG)H = R(GH)
2. LP=PL
3. E(FK) = (EF)K
4. K(A+C)=KA+ KC
5. (QF)T =FTQ7
6. L(ML) = L*>M
7. GC + HC = (G + H)C
8. R(J+T")=RJ+ RT"
9. (AK)T = ATKT
10. (Q+FNHET=QE" + (EF)T

Question 12. Given matrices

3 —2 7
A=16 5 4

0 4 9

or

15 —2 1
01 -2 3
A=119 o 1|
00 2 —4

6 —2 4
B=10 1 3|;

7 7 5

0 1 5 -1

2 1 2 1
B=14 5 1 o

-1 2 1 3

Compute the specified row or column of the matrix product of the given matrices, both for the

3 x 3 and 4 x 4 cases:

1. The first row of the product AB

2. The third row of the product AB

3. The second column of the product AB
4. The first column of the product BA

5. The second column of the product BA
6. The third row of the product AA

7. The third column of the product AA
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8. The first column of the product AA
9. The second column of the product BB
10. The second row of the product BB

11. The third column of the product BAA

Question 13.
1. Find a non-diagonal matrix A such that A? = I,.
2. Find a non-diagonal matrix A such that A?> = I3 (modify the result from part (a)).

3. Find a non-identity matrix A such that A% = Is.



