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Abstract

This thesis is dedicated to the constructions of modular lattices with algebraic methods.
The goal is to develop new methods as well as constructing new lattices. There are three
methods considered: construction from number fields, construction from totally definite
quaternion algebras over number fields and construction from linear codes via generalized
Construction A. The construction of Arakelov-modular lattices, which result in modular
lattices, was first introduced in [6] for ideal lattices from cyclotomic fields. We generalize
this construction to other number fields and also to totally definite quaternion algebras
over number fields. We give the characterization of Arakelov-modular lattices over the
maximal real subfield of a cyclotomic field with prime power degree and totally real Ga-
lois fields with odd degrees. Characterizations of Arakelov-modular lattices of trace type,
which are special cases of Arakelov- modular lattices, are given for quadratic fields and
maximal real subfields of cyclotomic fields with non-prime power degrees. Furthermore,
we give the classification of Arakelov-modular lattices of level ¢ for ¢ a prime over totally
definite quaternion algebras with base field the field of rationals.

Construction A is a well studied method to obtain lattices from codes via quotient of
different rings, such as rings of integers, in which case mostly cyclotomic number fields
have been considered. In this thesis, we will study Construction A over all totally real
and CM fields. Using Construction A, the intersection between a lattice constructed from
a linear complementary dual (LCD) code and its dual lattice is investigated. This is an
attempt to find an equivalent definition to LCD codes for lattices.

Several new constructions of existing extremal lattices as well as a new extremal lattice
are obtained from the above mentioned methods.

The mathematical concepts used in this thesis mainly involve algebraic number theory,

class field theory, non commutative algebra and coding theory.
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Chapter 1

Introduction

Lattice theory is a research topic that is related to a broad range of subjects, ranging from
theoretical mathematics to real life applications. On the one hand, as lattices can be defined
by quadratic forms and Z—modules [22], the characterization and construction of lattices
are closely connected to group theory (see e.g. [39, 40]), quadratic forms and abstract al-
gebra [37]. On the other hand, due to the geometric structure of lattices, they are used
in packing, covering, quantization and channel coding [19, 64]. Recently, the hardness of
the shortest vector problem for lattices pushed the development of an important topic in
post-quantum cryptography — lattice-based cryptography [9].

Among the aforementioned different applications of lattices, we will be mainly inter-

ested in the following:

e Sphere packing deals with the question of how densely can we put non-overlapping
identical spheres in R". When lattice points are used as the centers for those spheres
we have a lattice packing. The question then becomes — what kind of lattice gives the

densest lattice packing in R"?

¢ Kissing number problem asks how many identical spheres can be placed so that there
is one central sphere which touches all the other spheres. Similar to lattice packing,
taking the centers of spheres to be lattice points, people are interested in finding the

highest possible kissing number for lattices in different dimensions.

e Coding theory is closely related to lattices in the setting of a wiretap channel, which
consists of a sender, a legitimate receiver and an eavesdropper. Lattice codes are used
to give confusion to the eavesdropper while guaranteeing integrity of information for

the receiver.



More details about those motivations will be discussed in Chapter 2.

Early studies on lattices were focusing on unimodular lattices for their relation with
modular forms and sphere packings (see e.g. [48]). Then in 1995, Quebbemann generalized
the notion of unimodular lattices to define modular lattices [49]. Owing to their structural
properties, modular lattices are widely studied and used. For example, by examining the
associations between theta series of lattices and modular forms, upper bound on the min-
imum for some modular lattices were found [36, 51]. Furthermore, the analysis of their
secrecy gain as lattice codes for wiretap channel is a new developing research topic [44].

Unsurprisingly, the construction of modular lattices has been gaining attention. The
focus of this thesis will be on algebraic constructions of modular lattices. More precisely,
we will be looking at three algebraic construction methods: construction from number
fields, construction from quaternion algebras and generalized Construction A.

The construction of lattices from number fields was already introduced for unimodu-
lar lattices in [25, 15, 14, 4]. This construction obtains lattices from the ideals of rings of
integers of number fields and hence the resulting lattices are called ideal lattices [5]. A
good reference for the construction method is [19, Chapter 7] (see also [57, Chapter 4],
[24, 16, 29, 60]). This method is generalized to construct modular lattices from different
number fields by various researchers. In [2], constructions of modular lattices from vector
spaces over imaginary quadratic fields are studied. In [6], they introduced the definition
of Arakelov-modular lattices from CM fields and characterized the existence of Arakelov-
modular lattices over cyclotomic fields. In Chapter 3, we will generalize this construction
to quadratic number fields, maximal real subfields of cyclotomic fields and totally real
number fields with odd degrees.

Orders of quaternions are a non-commutative generalization of rings of integers for
number fields. Naturally, as a generalization of ideal lattices from number fields, ideal
lattices constructed from quaternion algebras were also proposed [49, 2]. In Chapter 4,
we study ideal lattices constructed from totally definite quaternion algebras over totally
real number fields, and generalize the definition of Arakelov-modular lattices over num-
ber fields proposed in [6]. In particular, we prove for the case where the totally real number
tield is Q, that for ¢ a prime integer, there always exists a totally definite quaternion over
Q from which an Arakelov-modular lattice of level ¢ can be constructed. Furthermore, we
prove the necessary existence conditions of Arakelov-modular lattices when the number

tield is either a totally real quadratic field or the maximal subfield of a cyclotomic field.



Another well studied algebraic construction of lattices is Construction A [19, 26], which
constructs lattices from linear codes. In Chapter 5, we consider a variation of Construction
A of lattices from linear codes based on two classes of number fields, totally real and CM
Galois number fields. We propose a generic construction with explicit generator and Gram
matrices, then focus on modular and unimodular lattices, obtained in the particular cases of
totally real, respectively, imaginary, quadratic fields. Some relevant properties of modular
lattices, such as minimal norm, theta series, kissing number and secrecy gain are analyzed.
Interesting lattices are exhibited.

Furthermore, in Chapter 6 we will study the properties of another family of lattices that
is constructed by Construction A from LCD (linear complimentary codes) codes [38], which
are linear codes that trivially intersect their duals. This is an attempt to find an equivalent
concept for lattices as to LCD codes. The basic properties of the intersection of a lattice
with its dual will be studied and lattices obtained from the intersection of a code with its
dual via Construction A are further discussed. Interesting examples are listed.

The computations in this thesis are mostly done by using SAGE [65] and Magma [12].



Chapter 2

Modular Lattices

In this chapter we give the definitions of modular lattice and some of its properties. Fur-
thermore, in Section 2.2, we will discuss the motivations for constructing modular lattices.

For the reference of the definitions, we refer the readers to [22, 19].

Definition 2.1. Let My, be an invertible matrix in R", a lattice L. C R" is defined by
L:={xMp|x € Z"}.

My, is called a generator matrix of L and G, := M LMLT is called a Gram matrix of L.

Hence a lattice L C R" is a discrete additive subgroup of R" [22, p.2]. In particular itis a

free Z—module of rank n. Another more algebraic definition of lattice is

Definition 2.2. A latticeis a pair (L, b), where Lis a free Z—moduleand b : L&zRxL&zR —

R is a positive definite symmetric bilinear form.

We can see that the two definitions are equivalent: if L is a free Z—module of rank n
with Z—basis {vi,v2,...,v,}, then (L,b) can be embedded in R" as a lattice in the sense
of Definition 2.1 with Gram matrix G, = (b(v;, v;))1<i j<n. On the other hand, any lattice
L C R" as in Definition 2.1 is associated with the standard Euclidean inner product, which

is a positive definite symmetric bilinear form.

1 0
Example 2.3. Take M = , we get the lattice Z% = {(z1,72) € R? : 21, 79 € Z} with
0 1

0
Gram matrix . In the terminology of Definition 2.1, this lattice is the pair (Z2, (-,)),
01



where (-, -) is the Euclidean inner product:

RZxR? — R

((z1,22), (y1,¥2)) — z1y1 + T2u2.

Note that the lattices we consider here are all full rank (see [19, p.43]), i.e. latices in
Euclidean space of dimension n with generator matrices also with rank n. In this thesis, we
will use Definition 2.2, but identify a lattice (L, b) with its embedding in R™ and sometimes

we write L instead of (L, b) for simplicity.

2.1 Definitions

Let (L, b) be a lattice of dimension n (i.e. L is a free Z—module of rank n) with generator
matrix M}, and Gram matrix G .. The set of rows of M, say {v1, v, ..., vy}, is called a basis

of L, it forms the fundamental parallelotope

P:{)\101+"-+)\nvn|0§)\i<1}

of L. The volume of this fundamental parallelotope is called the volume of L, i.e.

vol(L) = vol(P) = |det (Mp) |.

The square of the volume of L gives the discriminant of L:

dise(L) = det (G) = det (Mp)?.

We define the dual of the lattice (L, b) to be the lattice (L*,b), where

L*:={z e Loz R|b(z,y) € ZVy € L}.

If M is a generator matrix for L, then M* := (M ")~! is a generator matrix for L*.

If L C L*, Lis called integral and in this case [22]

vol(L) = vol(L*)|L*/L|, disc(L) = |L*/L|.

By the definition of Gram matrix, a lattice is integral if and only if its Gram matrix has



integral entries.

Definition 2.4. Two lattices (L;,b1) and (L2, bs) are said to be isometric if there exists a
Z—module isomorphism 7 : Ly — Ly satisfying ba(7(x), 7(y)) = bi(z, y)forall z,y € L1[22,
p-3l.

Definition 2.5. For an integral lattice (L, b) and a positive integer ¢, if (L*, £b) is isometric
to (L,b), i.e. if there exists a Z—module isomorphism 7 : L* — L such that b(7(x),7(y)) =

0b(z,y) for all z,y € L*, then L is called {—modular or modular of level ¢ [49].

When ¢ = 1, we have a unimodular lattice.

1 1
Example 2.6. Consider the lattice (L, (-,-)) with generator matrix M =
1+v5  1-v5
2 2
where (-, -) is the Euclidean inner product. Then the lattice (L*, 5(-, -)) has generator matrix
V-1 1+v5
VBM* = \/5(MT)™! = 2 > |. Recall that the set of rows of a generator matrix
1 —1
1 —1
for a lattice forms its basis. By a change of basis, the matrix M’ = is also a
V5 V51
2 2

generator matrix for (L*, 5(-,-)). We have

thus the map 7 : (L*,5(-,-)) — (L, (+,-)), where 7 is the reflection w.r.t. x—axis, establishes
an isometry between (L, (+,-)) and (L*, 5(-,-)). By definition, (L, (-,-)) is a 5—modular lat-

tice. This is further illustrated in Figure 2.1.

The constructions of /—modular lattices will be the main focus of this thesis. Besides the
construction method, we will also analyze certain properties of the lattices. Definitions of

the related properties are as follows:

Definition 2.7. For an integral lattice (L, b)
1. (L, b) is called even if b(x, z) € 2Z for all z € L and odd otherwise.

2. The minimum, or minimal norm, of (L,b), denoted by (1, is

min{b(x,z) : v € L,z # 0}.
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Figure 2.1: Lattice (L, (-,-)) (red circles) can be obtained from (L*,5(:,-)) (blue dots) by
reflection w.r.t. x—axis, where L is the 5—modular lattice from Example 2.6.

3. The kissing number of (L, b) is the cardinality of the set
{reL:bx,z)=pr}

4. LetH = {7 € C: Im(7) > 0}. For 7 € H let ¢ = ™. The theta series of the lattice L is

the function

Op(r) = = =3 A,qm,

xel meZx>q

where the second equality holds because we took L to be integral and A,, = [{x : = €

L, [lz]? = m}|.

From the definitions we can see that the coefficient of ¢ in the second term of ©;, gives

the kissing number of L, and the power of ¢ in the second term gives its minimum.

Example 2.8. The lattice (Z?, (-,-)) in Example 2.3 has volume 1 and discriminant 1. Its

dual is given by
7" ={(y1,y2) € R? : z1y1 + 2oy € Z Vg, oo € AR 72,

Thus it is an odd unimodular lattice. It has minimum 1 and its kissing number is given by
[{(z1,22) € Z : 27 + 23 = 1}| = [{(£1,0), (0,£1)}| = 4.

As mentioned earlier, in this thesis we give new constructions of several existing ex-



tremal lattices as well as a new extremal lattice. To give the definition of extremal lattices,

we need the following terminologies:

Definition 2.9. 1. For a positive integer ¢, an /{—modular lattice (L, b) is said to be strongly
¢—modular if (L, b) is isometric to the lattice (L* N %L, mb) for all exact divisors m of ¢ (i.e.
m|¢ and ged(¢/m, m) = 1) [50].

2. Two lattices (L1,b1) and (Lo, by) are said to be rationally equivalent if there exists a

Q—linear isomorphism

¢:L1®7Q— Ly ®7Q

such that ba(p(x), p(y)) = bi(x,y) forall x,y € L1 ®z Q (see [8, p.93] and [35, p.42]).

3. For a positive integer ¢, define [51]

cO =3 "Vidz.

dje

Remark 2.10. From the definition, for / = 1 or ¢ a prime, an /—modular lattice is also

strongly /—modular.

In general, the upper bound on the minimum of a modular lattice is unknown. But for
some special cases, the upper bounds were established, which then leads to the definition

of extremal lattice.

Definition 2.11. Assume ¢ € {1,2,3,5,6,7,11,14,15,23}. For each ¢, define the corre-
sponding D, to be respectively {24, 16,12,8,8,6,4, 4,4, 2}. Let (L, b) be a strongly {—modular
lattice with minimum p 7, and dimension n such that (L, b) satisfies one of the three condi-

tions:
1. Unimodular;
2. Even;
3. Odd and rationally equivalent to the direct sum of n/DimC®) copies of C(*);

Then [49, 50, 51]

n
<2|—| +2.
Hmr {DZJ

Unless (L, b) satisfies condition 3 above and /¢ is odd with n = Dy, — DimC ©), then pur, < 3.
A lattice (L, b) which satisfies the above assumptions and also achieves the correspond-

ing upper bound on minimum is called extremal.



For a detailed list of extremal lattices we refer the reader to the on-line lattice cata-

logue [56].

2.2 Motivations

The motivations to study modular lattices are from both mathematical interest and practi-
cal applications of lattices.

Number fields and quaternions. As the ring of integers of a number field and an order of
a quaternion algebra are both Z—modules, the construction and characterization of lattices
can be related to the properties of number fields and quaternions. More precisely, the
definition of the positive definite symmetric bilinear form associated to a lattice is from the
trace form of the number fields (resp. quaternions), which then connects to the different of
the ring of integers (resp. maximal orders). And the different gives us information about
the ramification of ideals. The connections will be more clearly elaborated in the rest of this
thesis.

Minimum and sphere packing. Sphere packing states the following problem [19]: how
densely can we put infinitely many non-overlapping (n — 1)—spheres in R"? Here, the
density is defined to be the proportion of the space that is occupied by the spheres and
an (n — 1)—sphere refers to a unit sphere in R" [1, p.16]. In particular, if we use a lattice
L C R" for sphere packing, we have a lattice packing. The question then becomes: if we

draw spheres of radius

1

T:§ML

with centers at points z € L, what is the largest possible density? Recall the volume of

(L,b) is defined to be the volume of the fundamental parallelotope of L:

P={A\vi+ -+ XAup|0 < A <13,

where vy, vs,. .., v, are the rows of a generator matrix of L. Note that this fundamental
parallelotope is a building block for L, i.e. when we repeat this parallelotope infinitely
many times to fill the whole space, there is exactly one lattice point in each copy. Hence the

density for a lattice packing using the lattice (L, ) is

volume of one sphere _ volume of one sphere
volume of fundamental parallelotope vol(L)
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In the case when (L, b) is an /—modular lattice, we have vol(L) = ¢*/* [49, 50]. Since the
volume of an (n — 1)—sphere of radius r is V,,_17" [19], where V,,_; is the volume of an
(n — 1)—sphere of radius 1, the density of the lattice packing is then given by

anl’l”n
/4

We can see that if the minimum of an /—modular lattice is bigger, the resulting lattice
packing is denser.

Kissing number. Closely related to sphere packing is the so-called kissing number prob-
lem [22, Section 4.2]: given an (n — 1)—sphere, what is the maximal number of (non-
overlapping) (n — 1)—spheres touching it? For lattice packing, this kissing number is given
by the number of vectors whose length is equal to the minimum of the lattice, which are
called shortest vectors.

Coding theory. Another motivation for studying lattices is from coding theory: An ad-
ditive white Gaussian noise (AWGN) channel is a communication channel with a sender
Alice, a receiver Bob and the noise is assumed to follow a Gaussian distribution [19, p.67].
Lattices can be used for encoding in such a channel: the transmitted signal is represented
by a lattice point in Euclidean space and the decoding rule is to decode the received mes-
sage to the nearest lattice point [19, p.69]. When the noise is big, the received message may
be decoded to a wrong lattice point, resulting in a decoding error. For AWGN channels,
lattices with higher densities are preferred so that the energy cost at the transmitter is low
while still achieving a small error probability. Furthermore, if an eavesdropper (or wire-
tapper) Eve is also present in the channel, the channel is then called a Gaussian wiretap
channel [63, 31]. Lattices can be used for encoding in such a channel by a coset encoding
strategy [44]: take a lattice L, and a sublattice L. C L;, consider the cosets L;/L.. A mes-
sage that Alice intends to Bob is first mapped to a coset in L;/L,, then a random lattice
point from the coset is chosen to be the encoded message. A good choice of the nested
lattices L. C L should ensure reliability for Bob and induce confusion for Eve. In this the-
sis we are interested in one lattice encoding design criterion, secrecy gain [44], which gives
an upper bound on Eve’s knowledge of the encoded message. In Chapter 5, we will con-
struct some examples of {—modular lattices for different values of ¢ and look at the relation

between secrecy gain and the modularity ¢ of a lattice.



Chapter 3

Constructions from Number Fields

Recall that for a positive integer ¢, a lattice (L, b) is said to be /{—modular (or modular of

level ¢) if (L, b) is isometric to (L*, ¢b) (see Definition 2.5), where
L*={zeL®zR:b(zx,y) € ZVy € L}.

An Arakelov-modular lattice [6] of level ¢ is an ideal lattice constructed from a CM field
such that this ideal lattice can be obtained from its dual by multiplication of an element
with absolute value ¢, which then gives an /—modular lattice (see Definition 3.2). Given
an integer /, in [6], the authors characterized all cyclotomic fields in which there exists an
Arakelov-modular lattice of level /. We would like to generalize this definition to a totally
real number field and study the existence criteria of Arakelov-modular lattices over any
totally real number fields or CM fields. Furthermore, we give the characterization of exis-
tence of Arakelov-modular lattices over the maximal real subfield of a cyclotomic field with
prime power degree (Section 3.4.2) and totally real Galois fields with odd degrees (Sec-
tion 3.4.4). Characterizations of Arakelov-modular lattices of trace type, which are special
cases of Arakelov-modular lattices, are given for imaginary quadratic fields (Section 3.3.1),
totally real quadratic fields (Section 3.4.1) and maximal real subfields of cyclotomic fields
with non-prime power degrees (Section 3.4.3).

The necessary algebraic number theory background needed is given in Section 3.1. In
Section 3.2, general criteria for the existence of Arakelov-modular lattices over totally real
number fields or CM fields are discussed. The necessary and sufficient conditions for the
existence of Arakelov-modular lattices are presented in Section 3.3 for CM fields and in
Section 3.4 for totally real number fields. In Section 3.5 we list some examples of lattices

constructed by the methods presented. In particular, one new extremal lattice will be given.

11
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3.1 Number Fields

The materials from this section can be found in different books on algebraic number theory,
see e.g. [21, 42, 59].

A number field, normally denoted by K in this thesis, is defined to be a finite field ex-
tension of the field of rational numbers, Q. Namely, there exists a basis {v1,va,...,vn}
consisting of elements from K* := {z € K : « # 0} such that K can be generated by this
basis over Q and we say that K is of degree n, denoted by [K : Q] = n. Furthermore, the

elements of this basis can be chosen from the ring of integers of K, Ok:
Ok = {z : € K such that z satisfies a monic polynomial with integral coefficients}.

As suggested by the name, Oy is actually a ring. For this particular ring, a more general-
ized notion of ideals is studied: fractional ideals, which are finitely generated O —submodules
of K. They form an abelian group on the set of nonzero prime ideals of Ok every fractional

ideal a admits a unique representation as a product
a=]]p>® (3.1)
P

with v, (a) € Z and vy(a) = 0 for almost all p, where p denotes a prime ideal of Ok. Note
that since Ok is a free Z—module of rank n, fractional ideals are also free Z—modules with
rank n.

Take a prime integer p € Z, then the ideal generated by p in O satisfies
9
pOx =[] pf, (3.2)
i=1

for prime ideals p; and integers e;, g. The exponent e; is called the ramification index, and

the degree of the field extension

fi = [OK/]JZ . Zp] (33)

is called the inertia degree of p; over p. We have

g

Z eifi =mn.

i=1
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o If g =e; =1, pissaid to be inert.

o Ife; > 0, p; is said to be ramified.

o If e; = n, pis said to be totally ramified.

o If g = n, pis said to be split completely.

For a number field of degree n, there are exactly n Q—embeddings of K into C, which
we denote by o1, ...,0,. Hence each 0; : K — C is a field homomorphism that becomes
the identity map on Q.

o If 0;(K) C R for all i, then K is said to be totally real.

o If there exists F' C K, a totally real number field such that [K : F] = 2 and 0;(K) ¢
R V1 <i < n, then K is said to be a CM field.

o If 0;,(K) = K for all 4, then K is said to be a Galois extension of Q. In this case, we use
Gal(K/Q) to denote the set {01, . . ., 0, } and refer to it as the Galois group of K /Q. Moreover,
for (3.2) we would have e; = ez = --- = ¢,. We denote this integer by ¢, and refer to it as
the ramification index of p. For (3.3), similarly we have f; = fo = --- = f,. We denote this
integer by f,, and refer to it as the inertia degree of p.

Take any z € K|, the trace of x, denoted by Try /g (z), and the norm of x, N /g (), in K/Q
are given by:

Trgg(x) =Y 0i(z), Ngsg () =[[oi(x)
=1 =1

When the field extension is clear from the context, the subscript K/Q will be omitted.

A basis of Ok over Z, say {vi,vs, ..., v}, is also a basis of K over Q. The discriminant
of K is defined to be the determinant of the matrix (Tr (v;v;)); ;. The discriminant of K
contains a lot of information about the number field. For example, in this thesis, we will
study extensively one ideal - the different of K, D - whose inverse, which is a fractional
ideal, is given by

Dt ={z:2 € K,Tr (vy) € ZVz € Ok}, (3.4)

and is called the codifferent. Let Ag denote the absolute value of the discriminant of X,
then

|Ok/Dk| = Ak.

3.2 Arakelov-modular Lattices

Let K be a totally real number field or a CM field with degree n and ring of integers Ok.

We consider K to be a Galois extension with Galois group G = {01 = identity,09,...,0,}.
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For K CM, we assume o, is the conjugate of 0;, (i = 1,3,5,...,n — 1). An ideal lattice [5]
over K is a pair (I, b,), where [ is a fractional Ox—ideal, o € K* is totally positive (i.e.

oi(a) > 0,1 <i<n)and

bo:IxI — R

(z,y) = Tr(azy),

is a positive definite symmetric bilinear form. Here Tr is the trace map on K/Q, the conju-
gate ~ is complex conjugation and it is understood to be the identity map when K is totally

real.

Remark 3.1. We would like to point out that by the above definition, for any v € K,

bo(uzx,y) = bo(z,uy) (c.f. Lemma 4.3).

Note that here we consider the following twisted canonical embedding of K — R™:

z = (Vor(a)o(x),. .., Von(a)on(z))

for K totally real and

T ﬂ(\/ol(a)Re (o1(x)), Vo2(a)Im (o2(z)), ..., Von—1(a)Re (on-1(2)), V/on(a)Im (o, (x)))

for K CM. More specifically, a generator matrix for (I, b,) as a lattice in R" is given by

o1(wi) ... op(wr) o1(a) 0

o1(wp) ... op(wn) 0 on(a)

for K totally real and it is given by

Re(o1(w1)) Im(oz(wi)) ... Re(op—1(wi)) Im(op(wr)) o1(a) 0
V2

Re(o1(wy)) Im(oa(wn)) ... Re(on—1(wy)) Im(op(wn)) 0 on(a)

for K CM, where {wy,...,wy,} is a Z—basis for I.
Let D be the different of K/Q. Recall that D' = {z € K : Tr (vy) € Z ¥y € Ok}. Then

for an ideal lattice (1,b,), its dual lattice is given by (I*,b,), where I* = o 'Di'I! [6].
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We generalize the definition of Arakelov-modular lattices over CM fields defined in [6] to

totally real number fields:

Definition 3.2. Let ¢ be a positive integer, an ideal lattice (I,b,) is said to be Arakelov-
modular of level £ if there exists 3 € K* such that I = 8I* and ¢ = 3.

For an Arakelov-modular lattice (1, b,) of level ¢, define ¢ : I* — I to be = — [z, then
lbo(z,y) = ba(p(x), p(y)). If furthermore, (I,b,) is an integral lattice, then it is {—modular.
But this is always true. For any fractional ideal a and prime ideal 3 in O, let v (a) denote

the exponent of B in the factorization of a (see (3.1)), we have
Lemma 3.3. An Arakelov-modular lattice is integral.

Proof. Let (I,b,) be an Arakelov-modular lattice of level ¢ and 8 € K such that ¢ = (3
and I = BI*. If K is totally real, 3 satisfies the monic polynomial 2% — ¢ € Z[z] and hence
BeOk. IfKisCM, I* =37 = a‘lD;(lf_l gives SO = aDgI1. Take any prime ideal
P in Ok, we have vy (8) = vg(8). So vp(B) = sup(0) > 0 and hence 3 € Ok.

For both cases we can conclude that I = §I* C I* and we have (I, b, ) is integral. O

For simplicity, we write (I, «) instead of (I, b,). When a = 1 we say this lattice is of trace

type [6]. For any prime integer p, let ¢, denote its ramification index. Define

Q(K) = {p|pisaprime that ramifies in K/Q}.

Q(K) = {plp € QK)ande,iseven}.

We have

Lemma 3.4. Suppose there exists an Arakelov-modular lattice of level ¢ over K, where / is

square-free.
1. If K is totally real, {| [ ] cq/ () p- In particular, if K has an odd degree, we have ¢ = 1.
2. If K is CM and its degree is not a multiple of 4, then {| [ co/ () P-

Proof. 1. First we consider K totally real. By the definition of Arakelov-modular lattice,
there exists f € K* such that ¢ = 83 = (2. We then have v// € K, which gives

QWY C K. As /| HpeQ’(Q(\/Z)) p and K is Galois, we have (| ][ cq/(x)p- If further-

pelY

more, K has an odd degree, any prime that ramifies in K has an odd ramification

index and we can conclude ¢ = 1.
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2. If K is CM with degree not a multiple of 4, then /—1 ¢ K, by Remark 3.5 of [6],
Vi € Kor+/—f € K. Hence Q(v¥) C K or Q(v/—¢) C K. Similarly as above, for
both cases, we can conclude ¢| [ ,cq ) P-

O

From the relation I* = o~ 'D;'T~! and Definition 3.2 we can see that the existence of
Arakelov-modular lattices is closely related to the factorization of primes and the different
in a number field K. For cyclotomic fields, the factorization of primes and different are
known, which is the main tool for the characterization of Arakelov-modular lattices over
cyclotomic fields in [6].

Similarly, factorizations of primes and different can be calculated for quadratic fields and
maximal real subfields of cyclotomic fields, hence similar techniques as in [6] were used to
develop results in Sections 3.3, 3.4.1, 3.4.2 and 3.4.3.

However in general, it is not easy to calculate the factorization of the different of a num-
ber field. Nevertheless, for totally real number fields with odd degrees we will prove in
Section 3.4.4 that the factorization of different involves only even exponent of prime ide-
als, then together with Lemma 3.4 we can characterize the existence of Arakelov-modular

lattices over such number fields.

3.3 CM Fields

We first consider the case when K is CM. Let F' be the maximal real subfield of K. For
a positive integer ¢, write { = 0103, where (1,0 € Z~o and /; is square-free. If there is
an Arakelov-modular lattice (I, a) of level £ over K, then the rescaled lattice (I,/; ') is
an Arakelov-modular lattice of level ¢; over K [6, Proposition 3.2]. Here we prove the

converse result which allows us to restrict to the case when ¢ is square-free.

Proposition 3.5. Let K be a CM field and /; be a square-free positive integer. Assume there
is an Arakelov-modular lattice (I, ) of level /1. Take ¢ = ¢1/2, where (5 is a positive integer.

Then the rescaled lattice (£21, {5 ') is an Arakelov-modular lattice of level /.

Proof. Let (I*,a) be the dual of (I, ), then (I*, ¢, 'a) is the dual of (51,45 ). Note that
as « is totally positive, 5 '« is also totally positive. By the definition of Arakelov-modular
lattice, there exists 31 € K such that ¢, = 5151 and I = 11*. Let 3 = B1{5, then ¢ = 33 and

Uyl = U0, 1* = BI*, which shows ({21, 05 104) is an Arakelov-modular lattice of level ¢. [
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From now on we consider ¢ to be square-free. Moreover, we note that

Proposition 3.6. There exists an Arakelov-modular lattice of level ¢ over K if and only if
there exists « € K* totally positive, 3 € K* such that ¢ = 33 and for any prime ideal 3 in
Ok,

L if P =P, vp(a!BDL') is even;
2. if P # P, vp(a DL = v@(a_lﬁl)[_(l).

Proof. By the definition of Arakelov-modular lattice, there exists an Arakelov-modular lat-
tice, say (I, o), if and only if « is totally positive, 35 € K* such that ¢ = 3 $ and the decom-

position IT = a~!3D," is possible, which is equivalent to conditions 1 and 2 above. O

3.3.1 Imaginary Quadratic Number Fields

Suppose K = Q(v/—d), where d is a square-free positive integer. For any prime p that
ramifies in K/Q, p is totally ramified with a unique Ok prime ideal above it, which we

denote by L,,.

Proposition 3.7. There exists an Arakelov-modular lattice of level ¢ of trace type over K if

and only if £ = d. Moreover, (I, 1), where

‘B;l d=1,2mod 4

O d=3mod4

is an Arakelov-modular lattice of level d.

Proof. If d = 1,2 mod 4, V(K) = Q(K) = {p : p|2d}, Dk = (2V/—d). If d = 3 mod 4,
Q' (K)=Q(K) = {p:p|d}, Dk = (vV—d). For any p € Q(K),

1 podd
vp,(Dr) =1 2 p=2,d=1mod4

3 p=2,d=2mod4.

Suppose there exists an Arakelov-modular lattice of level /. As 4 { 2, by Lemma 3.4, we

only need to consider £ being a divisor of [ ] k) p. Take 8 such that £ = 3, by the proof
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of Lemma 3.3,

1 L ple

vy, (B) = vy, (6) =

0 ptt

By Proposition 3.6 and the above discussion,

11 d=1,3mod 4
/= podd ,p|d —d

2 H d =2mod 4
podd ,p|d

On the other hand, take ¢ = d. Then 8 = \/—d satisfies ¢ = /3 and

%(’)K d=1,2mod 4

BD' =
Ok d = 3 mod 4.
Take
By 1 d=1,2mod 4
I = ,
Or d=3mod4
then IT = 517]_(1 shows (I, 1) is an Arakelov-modular lattice of level d. O

Furthermore, we have the following observations:

1. For d = 3 mod 4, (O, 1) has generator matrix M and Gram matrix G’ given by

—_
[es}
[\]
—_

M=+2 , G =

[N
no

Hence (Ok, 1) is an even d—modular lattice of dimension 2 with minimum 2.

2. For d = 2 mod 4, {1, @} is a basis for 3, !. Then (8, 1) has generator matrix M

and Gram matrix G given by

1 0 2 0
M:\/i Vi 7G: ’
d d

which shows (B, ', 1) is an odd d—modular lattice of dimension 2 with minimum 2.

3. Ford = 1mod 4, {1, Hgﬂ} is a basis for P '. (5!, 1) has generator matrix M and
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Gram matrix G given by

[y

0 2 1
M=+2 LG =

_Vd 1 4tl
2 2

N[ =

Hence (5 ', 1) is an odd d—modular lattice of dimension 2 with minimum 2.

3.4 Totally Real Number Fields

In this section we consider the case when K is a totally real number field. Let ¢ be a positive

integer and write ¢/ = 0102, where 01,0y € Z~q and /; is square-free. We have the following.

Proposition 3.8. There exists an Arakelov-modular lattice of level ¢ over K if and only if

there exists an Arakelov-modular lattice of level ¢; over K.

Proof. First, let (I, a) be an Arakelov-modular lattice of level ¢ over K, (I*, ) be the dual
lattice. Then (¢o1*, (5 a) is the dual lattice of (I,4; '«). Take 8 € K* such that I = 3I*,
¢ = B2 Let 5 = % € KX, then ¢; = ? and I = B14oI*, which shows (1,4, 'a) is an
Arakelov-modular lattice of level /5.

Conversely, let (I, «) be an Arakelov-modular lattice of level ¢; over K and let (I*, ) be
the dual lattice. Then (I*, ¢, ') is the dual of (£21,¢; ‘). Take 8; € K* such that ¢; = /3
and I = (1I*. Let B = Bils, then ¢ = 5% and (o] = (,5,1* = BI*, which shows (&I,Egla)

is an Arakelov-modular lattice of level /. O

From now on we consider ¢ to be square-free.

Proposition 3.9. There exists an Arakelov-modular lattice of level ¢ over K if and only if
there exists & € K totally positive, 8 € K* such that £ = 32 and vy (e~ 8Dy') is even for

any prime ideal 3 in O

Proof. By the definition of Arakelov-modular lattice, there exists an Arakelov-modular lat-
tice, say (I,«), if and only if « € K* is totally positive, 33 € K* such that ¢ = /32
and the decomposition IT = I? = o' 8D, is possible, which is equivalent to requiring

vy (@~ BDy') to be even for all prime ideals 9 in O. O

3.4.1 Totally Real Quadratic Fields

Let K = Q(V/d), where d is a square-free positive integer. For any prime p that ramifies in

K/Q, pis totally ramified with a unique Ok prime ideal above it, which we denote by B,,.
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Proposition 3.10. There exists an Arakelov-modular lattice of level ¢ of trace type over K

if and only if ¢/ = d. Moreover, (I, 1), where

Py' d=2,3mod4

9

I =
Or d=1mod4

is an Arakelov-modular lattice of level d.

Proof. If d = 2,3 mod 4, Q' (K) = Q(K) = {p : p|2d}, Dk = (2V/d). If d = 1 mod 4,
Q(K) =Q(K) = {p:p|d}, Dk = (V/d). For any p € Q(K),

1 podd
vp,(Pr) =132 p=2,d=3mod4

3 p=2,d=2mod4.

Suppose there exists an Arakelov-modular lattice of level /. By Lemma 3.4, we only need

to consider ¢ being a divisor of [ ,cq(x) p. Take § such that £ = /32, then

By Proposition 3.9 and the above discussion,

H d=1,3mod 4
/= podd ,p|d —d

2 H d=2mod 4
podd ,p|d

On the other hand, take ¢ = d. Then 8 = V/d satisfies ¢ = 52 and

» 10k d=2,3mod4
/BDK =
Ok d =1 mod 4.

Take
2351 d=2,3mod 4

9

I =
Or d=1mod4
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then I? = 3D} shows (I, 1) is an Arakelov-modular lattice of level d. O
Furthermore, we have the following observations:

1. For d = 1 mod 4, (Ok, 1) has generator matrix M and Gram matrix G given by

1 1 2 1
M = s G =
1+vVd 1-Vd 1 d+l

2 2

Hence (Og, 1) is an odd d—modular lattice of dimension 2 with minimum 2.

2. For d = 2 mod 4, {1, ﬁ} is a basis for 985 '. Then (; ', 1) has generator matrix M

and Gram matrix G given by

1 1 2 0
M: G: ,

vd _Vd 0 ¢

2 2 2

which shows (%5, 1) is an odd d—modular lattice of dimension 2 with minimum 1

for d = 2 and minimum 2 otherwise.

3. For d = 3 mod 4, {1, 1+2*/‘2} is a basis for P, '. (P,', 1) has generator matrix M and

Gram matrix G given by

1 1 2 1
M == G =
1+vd 1-Vd 1 4+l
2 2 2

Hence (5 ', 1) is an even d—modular lattice of dimension 2 with minimum 2.

3.4.2 Maximal Real Subfield of a Cyclotomic Field — The Prime Power Case

Let p be an odd prime, r a positive integer and (,» a primitive p"th root of unity. In this
subsection we consider the case K = Q({p- + C;»l). Let Modp(p”) denote the set of ¢ such
that there exists an Arakelov-modular lattice of trace type of level £ over K = Q((pr + Cp_rl)
and let Mod(p") denote the set of ¢ such that there exists an Arakelov-modular lattice of
level ¢ over K = Q({pr + (p_Tl).

Recall that p is the only prime that ramifies and it is totally ramified with ramification
P (p=1)

2

index £ . From Lemma 3.4 we have

Corollary 3.11. 1. Modz(p") € Mod(p”") C {1} if p = 3 mod 4,
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2. Modr(p") € Mod(p") C {1,p} if p = 1 mod 4.

Let 3 denote the prime ideal in Ok above p, then [59]

1 . 1mod2 p=1mod4
vp(Pr) = 50" (pr—r—1) -1) = (3.5)
Omod2 p=3mod4

We have the following characterization of Arakelov-modular lattices of trace type. For the
more general case, characterizations of Arakelov-modular lattices will be given in Propo-

sition 3.15.

Proposition 3.12. There exists an Arakelov-modular lattice of level ¢ of trace type over

Q(Gr + gpzl) if and only if £ € Modr(p"), where Modr(p") is given by
1. Modz(p") = {1}, if p = 3 mod 4;
2. Modr(p") =0,if p=1mod §;
3. Modr(p") = {p},if p=5mod §;

Proof. 1. If p= 3 mod 4, 1 is a square in K with 1 = 12. By (3.5), vy (DI_(I) is even. Then by
Proposition 3.9, 1 € Modr(p"). By Corollary 3.11, Modr(p") = {1}.

2. If p = 1 mod 8, 1is a square in K with 1 = 12. By (3.5), vy(Dy') is odd. Then by
Proposition 3.9, 1 ¢ Modr(p"). Now take ¢ = p, we have \/p € Q(/p) € Q(¢) NR C
Q(Gr) NR = K (see [62] p.17). Let B = /p, then ¢ = (% and vy(B) = 1p" '(p — 1) is
even. Hence vy (8D") is odd and by Proposition 3.9, p ¢ Modz(p"). By Corollary 3.11,
Modr(p") = 0.

3. If p = 5 mod 8, same as above 1 ¢ Modr(p"). Take £ = p. Similarly, let 3 = ,/p, then

¢ = B%and vyp(B) = 1p" "' (p — 1) is odd. Hence vy (BDg") is even and by Proposition 3.9,

p € Modr(p"). By Corollary 3.11, Modr(p") = {p}. O
Define
$1 = vm(DI_{l),
_ 1 L
s2 = guplp) =0 (p—1)

From the above proof we have

Corollary 3.13. If p = 3 mod 4, (‘JS%, 1) is a unimodular lattice over K. If p = 5 mod 8§,

s1+s9

RUNE

,1) is an Arakelov-modular lattice of level p over K.
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Lemma 3.14. B = (2 — 2 cos i—f) and 2 — 2 cos i—f is totally positive in K.

Proof. Since o(cos i—f) < 1forall o €Gal(K/Q), 2 — 2cos i—f is totally positive in K. More-

over,

2
(1—¢pr)(1— Cp_rl) =2- 2(:0513—1r
generates ‘P. O

Proposition 3.15. There exists an Arakelov-modular lattice of level ¢ over Q({,- + (1;1) if

and only if ¢ € Mod(p"), where Mod(p") is given by
1. Mod(p") = {1,p}, if p=1mod 4;
2. Mod(p") = {1}, if p = 3 mod 4.

Proof. 1. Take p = 1 mod 4, £ = 1. Let a = (2 — 2cos i—f)*l, by Lemma 3.14, « is totally
positive. Moreover,

vp(a” D) =1+ 51

is even. By Proposition 3.9, 1 € Mod(p").
2. Takep = 1 mod 8, £ = p. Let a« = (2 — 2 cos i—f)*l and 8 = /p, then { = % and

vp(a BDEY) = 1+ 51 + 52

is even. By Proposition 3.9, p € Mod(p").

By Corollary 3.11 and Proposition 3.12, the proof is completed. O

3.4.3 Maximal Real Subfield of a Cyclotomic Field — The Non-Prime Power

Case

Let m # 2 mod 4 be an integer which is not a prime power. Set L = Q((,,) and K = Q((n +
(o). For any p € Q a prime dividing m, write m = p'rmy, with (p,m;)) = 1. Let B, be the

prime ideal in O above p. We have vy, (p) = p ! (p—1) and vy, (D) = p"» ! (prp—rp—1).

For any divisor d of m, define

dinod3 = H b, Amod1 = H b, m = H D-

pld pld pEQ(K)
p=3 mod 4 p=1 mod 4 PpF#~2

Lemma 3.16. 1. For any d|m, dy,041 is always a square in K.
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2. For any d|m, dyoq43 is a square in K if and only if one of the following conditions is

satisfied:

— mis even

- mis odd and d,,,,43 has an even number of distinct prime factors
3. For m even, 2 is a square in K if and only if m = 0 mod 8.

Proof. 1. For any odd prime p|m, Q({,) € L and [62, p.17]

VP € Q) < p=1mod4, vV-p € Q({) < p=3mod4.

Part 1 follows immediately.
2. To prove 2, assume p = 3 mod 4, then \/—p € L.
Ifmisevenic L, /=YL ecLNR=K.
If m is odd and d,,,,43 has an even number of distinct prime factors,

\/dmod3: H \/]3: H \/TPELOR:K

pld pld
p=3 mod 4 p=3 mod 4

On the other hand, assume m is odd, and d;;,043, @ square in K, has an odd number

of distinct prime factors. Let py be any prime factor of d,,,43. We have /—po € L and

dm0d3 dmod3
VPo = = € L.
Hp|dmod3 \/ﬁ Hp‘dmodg vV P
PFPo P#Po
Soi = \/;%0 € L, which implies 4|m, a contradiction.

3. Now consider m even. If 8m, v2 € Q(s) NRC LNR = K.

Conversely, if V2 € K C L,sincei € L, we have (3 € K and hence 8|m.

O]

Let Mody(m) denote the set of ¢ such that there exists an Arakelov-modular lattice of

trace type of level £ over K.
Lemma 3.17. Mody(m) # 0 if and only if,

1. Mpoa1 = 1;
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For any ¢ € Modr(m):
2. ¢ =mor2m,and ¢|m;
3. lisasquarein K.

Proof. First we assume Modr(m) # (). For any p € Q(K)\{2}, vy, (DY) = —p»~Hpry —

rp — 1) is odd. By Proposition 3.9, / is a square, p|¢ and %Uqu (¢) = 3p»~1(p — 1) must be
odd. The proof then follows from Lemma 3.4.

Conversely, assume all conditions are satisfied. By Proposition 3.9, it suffices to prove
vmp(ﬂD;{l) is even for all prime ideal ,, where vy, (3) = vy, (¢). Conditions 1 and 2

ensure that vy ( BD}!) is even for all prime ideal 3, O

The above discussion gives the characterization of the existence of Arakelov-modular
lattices of trace type over K, the maximal real subfield of the cyclotomic field generated by

a primitive mth root of unity:

Proposition 3.18. Let m # 2 mod 4 be a positive integer which is not a prime power.
If m has any prime factor p = 1 mod 4, Modr(m) = 0.

Otherwise,

1. If m is odd and has an even number of distinct prime factors, Modr(m) = {m};

I
=

2. If m is odd and has an odd number of distinct prime factors, Mod(m)
3. If m = 4m/, where m/ is odd, Modr(m) = {m};

4. If m = 2"m/, where r > 3 and m/ is odd, Modr(m) = {m, 2m}.

3.4.4 Totally Real Number Fields with Odd Degree

Let K be a totally real Galois extension with odd degree n and let £ be a positive square-free
integer. Let Mod(K') denote the set of ¢ such that there exists an Arakelov-modular lattice
of level ¢ over K. By Lemma 3.4, Mod(K) C {1}.

Proposition 3.19. Let K be a totally real Galois field with odd degree. Then Mod (K') = {1}.

Proof. We claim that for any B a prime ideal in O, vp(Dr) is even. By Proposition 3.9,
taking o = 1, the proof is completed.
Proof of claim: Fix P a prime ideal in Ok, take p such that pZ = B N Z. Suppose p has

ramification index e and inertia degree f. Let Q,, Ky be the completion of Q (resp. K) with
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respect to the p—adic valuation (resp. P—adic valuation). Then Ky is a Galois extension
of Q, with degree ef [53, p.103]. Let G(Ky|Q),) be the Galois group of Ky/Q,. For i > 0,
define [53, p.61]

G; = {0 € G(Kg|Qp)|vp(o(a) —a) > i+ 1Va € Ok, }.

Let Dy, /q, be the different of Ky/Q,, then [53, p.64]

o0

U (Prey/,) = Z(’Gﬂ —1).

=0

Since each G; is a normal subgroup of G(Kg|Q,) [53, p.62], which has odd cardinality,
vp(Drey/q,) is even. As [42, p.196]

Dk g = H Drcy /0y
B

we have vp(Dg /) is even. O

_1
Remark 3.20. By the above proof, for a totally real Galois field K with odd degree, (D>, 1)

is an Arakelov-modular lattice of level 1, in particular, it is a unimodular lattice.

3.5 Examples

In this section we list some examples of lattices constructed using the methods discussed
above. To our best knowledge, the lattice in Example 3.22 is new. In Table 3.1 and Exam-
ple 3.21, we list a few constructions of existing lattices, note that the first three lattices in

Table 3.1 and the lattice in Example 3.21 are extremal (see Definition 2.11).

[ K T a Dim | min | NAME
1| Q3+ <1_31) 11_33 ) (2—2cos33)7! 6 1 78

7] Q(Gs+Gs) | Br By 1 6 2 | A467(2)
11| Q(Caa +Cigh) | BBy 1 10 | 6 | A107(3)
23 | Q(lo2 + ¢55) | BBy 1 22 | 12 | A22°(6)

Table 3.1: Examples of lattices (I,«) obtained from K such that (/,a) is an
Dim—dimensional Arakelov-modular lattice of level ¢ with minimum min and isometric
to the existing lattice NAME from [56]. Here 33, denotes the unique prime ideal in Ox
above p.

Example 3.21. [An existing unique even extremal 3—modular lattice] Take K = Q((3¢ +

(36), by Proposition 3.18 there exists a 6—dimensional 3—modular lattice over K. The
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ideal lattice (mggiﬁ; 11 gives us such a lattice with minimum 2, where L3 (resp. P2) is
the unique prime ideal in Ok above 3 (resp. 2). This lattice is the unique even extremal

6—dimensional 3—modular lattice [58].

Example 3.22. [New extremal unimodular lattice] Take K to be the unique 21 —dimensional

subfield of the cyclotomic field Q(C49). By Proposition 3.19, there exists a unimodular lat-
_1

tice over K. By Remark 3.20, (D,?,1) is such a lattice. Using Magma [12], we get this

lattice has minimum 2, hence it is an extremal 21 —dimensional unimodular lattice.

The characterization of Arakelov-modular lattices deeply involves the properties of num-
ber fields. It can be formulated into a purely algebraic number theory problem (see Propo-
sitions 3.6 and 3.9). The well-known “Fiihrerdiskriminantenproduktformel” [53, p.104]
gives a formula for factorizing the different of a number field. Utilizing this formula and
class field theory, the future work is to characterize the existence of Arakelov-modular lat-
tices over totally real number fields with even degrees as well as CM fields which were not

considered in this Chapter.



Chapter 4

Construction from Quaternion

Algebras

In the previous chapter we studied Arakelov-modular lattices over number fields. In this
chapter we will generalize the definition of Arakelov-modular lattices to totally definite
quaternion algebras over totally real number fields.

Recall that (see Definition 2.5) for ¢ a positive integer, an {—modular lattice [49] is an

integral lattice such that there exists a Z—module isomorphism ¢ : L* — L and

€b(x,y) = b(p(z), ¢(y)) Yo,y € L,

where L* = {x € L®z R : b(z,y) € ZVy € L}. When ¢ = 1 we have a unimodular lattice.
As discussed in Chapter 3, a common way of constructing /—modular lattices is by using
ideals of number fields [25, 3, 6], and the resulting lattices are then called ideal lattices [5].
In [25], a construction of unimodular lattices by ideal lattices over Q(v/—3) is given. A more
general construction over cyclotomic extension of imaginary quadratic fields can be found
in [3]. In this chapter, we generalize this notion to construct Arakelov-modular lattices
from the ideals of totally definite quaternion algebras over totally real number fields.

The construction by ideals of quaternions was also used in [37] for two particular cases,

(71@*1> and (*1(@*3), for constructing 2— and 3— modular lattices respectively. This is a
special case of our construction (see Example 4.29).

We will discuss in details the definition of the bilinear form we use in Section 4.1 and
introduce the definition of ideal lattices over totally definite quaternions in Section 4.2. In

Section 4.3 the generalized notion of Arakelov-modular lattice is introduced. In Section 4.4,

28
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we focus on the case where the underlying number field is the rational field, for which we
obtain existence results and classify Arakelov-modular lattices for ¢ a prime. In particular,
we will prove that, given any prime ¢, there exists a totally definite quaternion algebra
over Q over which an Arakelov-modular lattice of level £ can be constructed. In Section 4.5
we give necessary and sufficient conditions for the existence of Arakelov-modular lattices
when the base field is the maximal real subfield of a cyclotomic field and has odd degree.
Finally in Section 4.6 we study the existence conditions of Arakelov-modular lattice when
the number field is a totally real quadratic field or a maximal real subfield of a cyclotomic

tield that has even degree.

4.1 Totally Definite Quaternion Algebras

Let K be a number field with degree n = [K : Q]. Let A = (‘%’) be a quaternion algebra
over K with standard basis {1, 1, j,ij}, i.e., A is a 4-dimensional vector space over K with

basis {1,1, j,ij} such that

for some a,b € K*.

Remark 4.1. When a = b = —1, and instead of a number field, we consider R, (*1]]’{1) is

called Hamilton’s quaternion and denoted by H [35, p.78].

The quaternion algebra A is a central simple K —algebra, i.e. the center of A, Z(A) := {z €
A :zy =yx Vy € A}, is given by K and A has no proper two-sided ideals.

A is equipped with a canonical involution (or conjugation) given by

A - A (4.1)

a=x9+x11+ T2J +T31)] — @& =x0— X111 — ToJ — T3],
from which are defined the reduced trace on A:

tI‘A/KZA — K

a = a+a,
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and similarly the reduced norm:

DA/KZA — K

a = Q.
Fora=x¢g+x1i+ 29 +x3ij € A

trax(a) = a+a= 2w 4.2)

ny (@) = aa= x2 — ax? — bas + abxl.

In particular, if A = M,(K), the conjugation (4.1) is given by [35, p.79]

c d —d
= d . (4.3)
e f —e ¢
And
c d c d f —d c+f 0
trA/K = + = s (44)
e f e f —e ¢ 0 c+f
c d c d f —d cf —de 0
nA/K = = )
e f e f|l |—-e ¢ 0 cf —de

ie. try g () = trace of cand ny i (o) = det ().

Suppose K has r; real places and ry pairs of complex places, so n = [K : Q] = 71 + 2rs.
Denote the embeddings of K in C by o1, ...,0,. Let K, denote the completion of K at the
Archimedean place corresponding to o, then A, = A ®x K, = M>(C) if o is complex [35,
p-93]. If o isreal, A, = Hor My(R) [35, p.93]. We say A is ramified at the place corresponding
to o if A, = H and unramified otherwise [35, p.99]. Similarly, let p be a finite prime in K
and K, be the completion of K at the corresponding non-Archimedean valuation. Then A
is said to be ramified at p if A ®x K, is the unique division algebra over K,. Otherwise,
A is said to be unramified at p [35, p.99]. Let A4,, = (M), where L = R form =
1,2,...,rmand Cform=ry+1,...,71 +1o.

Denote the standard basis of A, by {1, in, jm, tmim}, i-€.

i2, = om(a), 32 = om®), imim = —Jmim.
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Define 6,, : A = A, by
om(xo + 210 + T2j + 231)) = O (20) + T (@1)im + O (22)Jm + T (23)imJm.

o gives a ring homomorphism extending the embedding o, : K — L.

Let s; be the number of real places at which A is ramified. Then the map [35, p.254]

p: A®R = @) An

m=1

a®@h — (hd1(a),...,hdn(a))
gives the following isomorphism
AR = A ®Q R @SlH D (7"1 — Sl)MQ(R) ) TQMQ((C). (45)

Note that Ag is a semi-simple R—algebra, where for any field K, a semi-simple K —algebra

B is an algebra for which there exist simple algebras By, B, . . ., B; such that
B=B ®By---®DB;

and the centers of B,,, are finite field extensions of K. Moreover, let F,,, be the center of B,,
and let Try, /i denote the trace map of F;,, over K. For any B8 € B, the reduced trace of 3 in

B can be defined as [52, p.121]

t t
trg/k (B) = Z trg,, /K (Bm) = Z Trp, x (ttB,/F, (Bm)) - (4.6)
m=1

m=1

We can extend the conjugation on A to that on Ag by the conjugations on H, M>(R)
and conjugations on M;(C) (as a C—algebra). In this manner, the map ¢ preserves this
conjugation: Form = 1,2,...,n, let p,, denote the projection of ¢ onto one of the factors in

(4.5). Take o = o + 17 + x2j + x3ij € A, h € R\{0}. Form =1,2,...,s1,

0 <a(a)ﬂ;§a(b)> o <_1]1§_1>-
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Let {1,7,j',7'j'} denote the standard basis for H. Under the isomorphism

<0m(a)ﬁ§am(b)> -~ (—1&%—1)

b 1

Jm =4

we have

pm(a®@h) = mth coordinate of p(a®@h) = hé () = hop(x0)+hop (x1)i' +how, (22)§ +hop (23)i'§,

so by the conjugation on H,

pm(a @ h) = hop(x0) — hom(11)i’ — hom(22)]’ — hom(xs)i’j'.

As A can be embedded in A by identifying a with a ® 1 for all o« € A, we have

pm(a) = pm (@),
where the first conjugation is the conjugation on H and the second is the conjugation on A.

In particular we have pp, (e« ® h) = pp(a®@ h) iff 21 =29 =23 =0iff v € K*.

Form=s;1+1,...,ry,

Ay = (“m(“)ﬂ’gm(b)) = My(R) = <1ﬂ’£> .

Let {1,4,4',7j'} denote the standard basis for <1’1

). Consider o(a) > 0,0(b) > 0. Under
the isomorphisms:

o) (@) e
; = Vom(a)i = Jom(a) b
0 —1

0 1
J = Vo) = om (D)
10

I

we have p,,(a ® h) is the image of

hom(z0) + hom(x1)i’ + how(22)i" + hom(x3)i'j’
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in M>(R), that is

0 1
. [ T (20) + Om(21)\/Tm (@) T (22)7/Tm (®) + O (23) am(ab)]
Om(2)\/0m(b) — om(x3)\/0m(ab) om(20) — om(x1)\/om(a).

1 0 1 0 0 1 0 1
hom(xo) [ ] + hom(z1)\/om(a) [ ] + hom(x2)\/om(b) [ ] + hom(x3)\/om(ab) [ ]
0 —1 10 -1 0

By (4.3),

G (20) = O (21) /T () o (22) /T (B) — O (w3) am<ab>]

pm(a®@h) =h [
—0m (22)\/Tm(b) + om(23)\/0m (ab) om(z0) + om(z1)\/om(a).

similarly we have p,, (&) = pm(&). Moreover, p,,(a® h) = pp,(a ® h) if and only if py, (a0 ®
h) is a diagonal matrix, if and only if « € K*. For the cases when o,,,(a) < 0, o, (b) < O,
om(a) > 0,0,(b) < 0or on(a) < 0,0,(b) > 0 we have similar results. Same for m =

rn+1,...,n.

Thus we have ¢(a) = ¢(«a) for all @ € A. And the set
P={a:acAp,a=a}={a®h:aec K*}

belongs to the center of Ag.

Recall the reduced trace on A (4.2):

tI‘A/K:A - K

a = o+ a,

and the trace map on K/Q [42]:

Let tr denote the reduced trace on the separable R—algebra Ag, then by (4.6), tr(x)



34

=Y m=t tra,, /r (Tm), which is

S1 1 m=ri+ra
= Z tra/r (Tm) + Z tras, ®)/R (Tm) + Z tras, ) /R (Tm)
m=1 m=s1+1 m=ri+1
s1 T1 m=ri+r2
= Z (xm + j'm) =+ Z trace of T + Z Tr(C/lR (ter((C)/(C (xm))
m=1 m=s1+1 m=ri1+1
S1 1 m=ri+ra
= Z (T 4+ Tm) + Z trace of z,,, + Z (trace of x,,, + trace of x,,), 4.7)
m=1 m=s1+1 m=r1+1
where the last conjugation is complex conjugation.
Take a € P, and define
ba : AR X AR - R (48)

(z,y) = tr(azy)

where tr denote the reduced trace on the separable R—algebra Ar given by Eq. (4.6).

Remark 4.2. Such a bilinear form b, can be more generally defined whenever there is a
trace form and an involution on a separable algebra, it is usually called a hermitian scaled

trace form in the literature [11, 28, 7].

Lemma 4.3. For a € P, b, is a non-degenerate symmetric bilinear form, and

ba(ux,y) = bo(x, uy)

forall ,y,u € Ag.

Proof. Since tr is the reduced trace for the R—separable algebra Ap, it is a non-degenerate

bilinear form. Now since « is in the center of Ag,
tI']HI/IR (O‘mxmgm) = OmTmYm + YmTmOm = tr]I-]I/IR (O‘mymfm)
form=1,...,s1. Thus

ba(x,y) = tr(azy)

S1 T1
= ZtTH/R(amwmﬂm)+ Z trar, (R)/R (OmTmim)

m=1 m=s1+1
r1+7r2

+ Z tng((C)/R(amxmgm)
m=r1+1

= ba(y7 m)
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using a similar argument on try, (r)/r (¥mZTmPm) form = s1+1,..., 71 and on tryg, ) /c (mTmm)
form =m +1,...,71 + 7. This proves that b, is symmetric.
Now take any x,y,u € Ag, and consider b, (ux,y) = tr (auzxy). Form = 1,2,..., sy,

using again that a is in the center of Ag,

try/gr (mUmTmPm) = trg/r (UmOmTmYm) = tr/R (CmTmYmUm)
and using a similar argument for trys,g)/Rr (UmTmPm), m = s1 + 1,...,7r1, and for
tTar,(0)/C (UmTmTm), m =r1 + 1,...,71 + 9, we conclude that

ba(uz, y) = ba(z, uy).

O]

When K is a totally real number field, and A is a quaternion algebra ramified at all the

real places, i.e., s; = r1 = n, we say that A is totally definite [52, 34.1]. For this case, define

Poo={a:a € P, a, >0Ym}.

Lemma 4.4. b, is positive definite if and only if K is totally real, A is totally definite and

o < P>0.

Proof. Take any x € Ag, bo(x, x) is given by tr (azx), i.e.

S1 r1 1472
Z trg/r (mTmTm) + Z 8T a0 (R) /R (OmTmTm) + Z tr s, (c) /R (mTmTm) -
m=1 m=s1+1 m=r1+1

Recall that a € Z(Agr) and a = &, the above becomes

1 ri1+re

s1
Z Qm T /R (n]HI/]R (JJm)) + Z Qm i, (R)/R (an(]R)/]R (me)) + Z tras, ) /R (OmTmTm) ,

m=1 m=s1+1 m=ry+1
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which is
S1 1 14712
= Z 20N /R (Tm) + Z 20 det (2,,) + Z Tre/r (tI"M2((c)/cc (amxm:fm))
m=1 m=s1+1 m=ry+1
S1 1 r1+72
= Z QQmHH/R ((Em) + Z 2amdet (l'm) + Z ’I‘rc/R (Oémtr]\b((c)/(c (nMQ(C)/C ({,Cm)))
m=1 m=s1+1 m=ry+1
s1 ry T1+T2
= Z 20005 /R (Trm) + Z 20 det () + Z Tre/r (amtrM2((c)/(c (det (mm)))
m=1 m=s1+1 m=r;+1
S1 1 r1+72
= Z 2005 /R (Trm) + Z 20 det () + Z 200, (det () + det (xm)) ,
m=1 m=s1+1 m=ry+1
we can see that tr (acxZ) > 0 for all x € Ag iff A is totally definite and «,, > 0 for all m. O

In conclusion, we have proved the following

Proposition 4.5. Let K be a totally real number field, A a totally definite quaternion algebra

over K, and take a € P~, then

ba:ARXA]R —- R

(x,y) — tr(axy)

is a positive definite symmetric bilinear form.

The reduced trace of © € A for a totally definite quaternion algebra A

n

tr(@) = Y trayg (Tm) = > (Tm + )
m=1

m=1

is alternatively simplified, for all z € A, to

tr(z®1) = Z (om(z) + om(z)) = Trg /g (trA/K (x)) . 4.9)

m=1

Similarly, the reduced norm of = € Ag [52, p.121] is

n(x) =[] najm () = [] (@mim), (4.10)
m=1 m=1
and for any x € A [52, p.122 Theorem 9.27 and p. 121 (9.23)],

n(z®1)=nyg(z) = Ngg (na/x (@) . (4.11)

When there is no confusion, we will write tr (z) (resp. n(z)) instead of tr (x ® 1) (resp.
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n(z®1)).

4.2 Ideal Lattices in Totally Definite Quaternion Algebras

For the rest of this chapter, we consider K a totally real number field of degree n, and

A= (aKb) a totally definite quaternion algebra over K with standard basis {1, 4, j,ij}. Let
Ok be the ring of integers of K.

Anideal I of Ais a finitely generated O —module contained in A such that I®p, K = A.
An order of A is an ideal of A which is also a subring of A. Let A be an order of A. We
furthermore assume that A is maximal (that is, not properly contained in another order).

For a maximal order A of A, we define the following three sets of ideals of A [35, Section

6.7]
L(A) = {I:0,I)=A}, R(AA) = {I:0,(I) = A}, LR(A) =LA)NRA),  (412)

where

Ol)={acA:alCI}, O(I)={acA:IaC]I}

are respectively the order on the left of I and the order on the right of I [35, p.84].
Recall the definition of the codifferent of A over Ok or Z [52, p.217], or of Ok over Z [42,

p-159], given respectively by

Dijo, = {z€Aitra(y) € Ok Vye A} € LR(A) (4.13)
Dy, = {v€A:Tgg (trax (zy)) € ZVy € A} (4.14)
Doz {z € K:Trgq (zy) € ZVy € Ok} (4.15)

To each corresponds an inverse ideal called different, respectively Dy 0, € LR(A), Dy,

and Do, /7 (see Definition 3.4).

Definition 4.6. Anideal I C A is called a generalized two-sided ideal of a maximal order A if

there existt € A* and J € LR(A) suchthat I = Jt = {yt:y € J}.

Consider a generalized two-sided ideal I = Jt of A. Since J € LR(A),

OuJt)={xz e A:aJt CJt}={x c A:xJ CJ}=0u(J) = A,
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so I € L(A). Moreover, J~! € LR(A) and [52, Theorem 22.7 and Corollary 22.8]
JY=0,J)=A, JIJ'=0,J)=A, (JH =
As Tl = (Jt) "t =¢+1J71,
IIt=gutyt=Jgst=A
Consider J = {z: x € J},

O (J)={acA:JaCJ)={acA:aJ CJ}=0,(J)=A,

similarly, Oy(J) = A, so J € LR(A) and same as above, we have J 1 € LR(O),

Then
It=Jtt (4.16)

is a generalized two-sided ideal of A. Moreover,

IT=J%%=J1J=A. (4.17)

Recall that for a fractional ideal a of O, the norm of a, we denote by N /Q (a), is given
by [42, p.34]

Ni /g (a) = |Oxk/al, (4.18)
and in the case when a = 2Ok is a principal ideal [42, p.35],

For an ideal J € LR(A) such that J C A, the norm of J, denoted by N 4 (/) is defined to
be [52, p.210] ordp, A/J, the order ideal of A/.J, which is defined as follows [35, p.199]:
By the Invariant Factor Theorem for Dedekind domains, there exist elements m, ma, ms, my4

in A and fractional O —ideals J1, Jo, J3, J4y and E1, Es, E3, E4 such that

A=Jmi @& Jymy, J=E1Jimi1 @ ® EgJymy,
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then A/J = OK/El D OK/EQ D OK/Eg D OK/E4 and
ordo, A/J := EyEyE3Ey. (4.20)
If J & A, norm of J is defined to be [52, p.212]

Na/k (J) =2 "Ny /g (Jz),

where x € Ok and Jx C A.

We also have the notion of reduced norm of an ideal J in A, denoted by n 4,k (J), which
is the fractional ideal of Ok generated by the elements {nyx (v) : z € J} [35, p.199].
Moreover, for J € LR(A) [52, p.214],

N/ (J) =nu/5 (J)*. (4.21)

Take any J € LR(A) and x € Ok such that Jx C A (we take x = 1 if J C A), then by the
above, (4.20) and (4.18),

IA/Jz| =Nk g (Na/k (Jz)) = Ngjg (2'Nasx () = Ngjg (z)* N /o (na/k (J))Q-
4.22)

Definition 4.7. For I = Jt a generalized two-sided ideal of A, its reduced norm n (I) in Ag
is by definition

n(I) = Ngjg (na/kx (J))n(t).

Consider the following symmetric positive definite bilinear form:

batA]RXAR — R

(z,y) — tr((a®1)zy), (4.23)

where oo € K* is totally positive and for simplicity, we write x, y instead of x, y if there is
no confusion. This is a particular case of the previous section, where we restrict to the case
when o = a ® 1 for o« € K*. Note that « ® 1 € P~ if and only if « is totally positive, i.e.,

oi(a) >0forallo; : K — R.

Definition 4.8. An ideal lattice over a maximal order A is a pair (1, b,), where I = Jtis a

generalized two-sided ideal of A.
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Take an ideal lattice (I, b,) over a maximal order A of A, where I = Jt for some t € A*

,On} bea

Z—basis for Ok. Thus {5;v;}1<i<n is a Z—basis for A and {5;v;t}:1<i<. is a Z—basis for 1.

and J € LR(A) is such that it admits a free Ok —basis {v1, va, v3,v4}. Let {51, ...

A Gram matrix of (I, b, ) is given by
G = (bo(Bruit, Bmvjt))llg;,jén.
For fixed i, j, (ba(Brvit, Bmvjt))i<r.m<n is an n x n matrix whose coefficients are given by
ba(Brvit, Bmust) = tr (aﬁwﬁ(,@Tvﬂ)) =tr (aﬁkvithTUj) ,

where « (identified with a ® 1), Bk, B, tt = na/k () € K, so that, together with Eq. (4.9),

we have

ba(Brvit, Bmvjt) = tr(oma k (t) Befmviv;)

= Trgjg (tra/x (emask (t) BeBmviv;))

= Z oy (anA/K (t) Bk/@mtrA/K (Uiﬂj))
(=1

= > orlanyx (£)oe(BrBm)oe(tra i (vi))).
=

Let B = (04(f)), then for fixed ¢, j, (b (Brvit, Bmvjt))i<kmen = BHZ'jBT, where

al(anA/K(n)trA/K(vi@j)) 0
0 oo onlamy g (n) tra) i (0:05))
Hence
B 0 0 0| |Hu His His Huul |BT 0 0 0
oo 0 B 0 0| |Hyy Hy Hss Hoy 0 BT 0 0 24)
0 0 B 0| |Hs1 Hsy Hss Hsy 0 0 BT 0
0 0 0 B| |Hy Hy Hjs Hu 0 0 0 BT

Proposition 4.9.

An ideal lattice (I,b,) over a maximal order A of A, such that I has a
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Z-basis, has dimension 4n, Gram matrix (4.24) and discriminant
2
n(a)*n(I)*n(Dajz)”,
where n (o) = Ng g (n4/k (a)) is the reduced norm of « in Ag/R, and n (I) is the reduced

norm of I in Ag/R (see Definition 4.7) and D, 7 is the different of A over Z.

Proof. We are left to compute the discriminant of (1, b, ), which is the determinant of G:
det (G) = (det (BBT) Jidet (H) = det (B)® det (H),
where H = (H;;). After row and column permutations of H, we get

det (H) = H det (oe(anayk (t) trax (viv)))i ;)
=1

= T oe(det ((amayi (t) tra (vi57))is))
/=1

= [ oel(anak () o(det ((tra/x (viv)))i;))
=1

= (Ngjg (ema/x (8)))'Ng /g ((det ((tra/x (vi95))i))

while

det (B)? = det ((03(5;)))* = A
where A is the discriminant of K by definition. Thus
det(G) = Afn (@) n (t)* N g ((det ((trasx (vi75))i)) -
If J = A, thatis I = At, then
det(G) = Ajn (a)?n (t)* Ng/q (disc (A/Ok)) .

Indeed, since {vy,v2,v3,v4} is a free Ok —basis for A, the discriminant disc (A/Of) is the
principal ideal [35, p.205]

det ((tI"A/K (’L)Z'Uj))ijj) OK, (4.25)

and

det ((tI‘A/K ('Uif)j))i’j) O = det ((tI‘A/K (vivj))ivj) Ok
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by noting that det ((tI‘A/K (Uﬂjj))i,j) = det ((tI“A/K (Uﬂ)]’))i’j) det ((akj)kﬂ') for (akj)m S

M4(Ok) an invertible matrix such that 7; = Zizl ay;vi. Then

N /q (disc (A/Ok)) = [Ng g (det ((tra x (viv5))i;)) |-

Note that the determinant of a positive definite matrix is always positive.
If I = Jt, J # A, take x € O such that Jx C A, then Jt C Az~ 't and the discriminant
of (I,b,) is given by [22, p.2]

disc ((I,ba)) = disc ((Ax~'t,by)) [Az~ 1t/ Jt[?

= A¥n(a)’n (x_lt)4 Ng /g (disc (A/Ok)) |Az=1)J)?

where n (a:_lt)4 =1 (t)* Ng/g (z)~° and by Eq. (4.21)

|Az™'/J| = |A/Jz| = Nk g (Na/k (Jz)) = Nk /g (z)* Ni/o (na/x (J))Q-

Thus

disc ((I,ba)) = A%n(a)?n(t) Ny (dise (A/Ox)) N/ (na/x (1)

= Akn (@)’ n(I)* Ng/q (disc (A/Ok))
and we are left to show that
4 . 2
AxNg /g (disc (A/OK)) =n (DA/Z) .

But [52, p.221]

n (Daz)”

NK/Q (diSC (A/OK)) = NK/Q (nA/K (DA/OK))Q =n (DA/OK)2 _ H(TK/Z)Q

since DA/Z = DA/OKDOK/Z' That [42, p201]

Nk/q (Poy/z) = Ak

completes the proof. O
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Let (I*, b,) be the dual lattice of (I, b, ), that is
I={zx€lI®zR:by(z,y) € ZVy € I}.
Proposition 4.10. The dual of (1,b,) is given by (I*, b, ), where

* —1m—-1 -1 7—1 —1Hy-1 7-1
I'=a'Dy! Dy, I =a Dy, Tt

Proof. Since {x : x € A, tr (zy) € ZVy € J} = DpjzJ ' [52, p.217],

I' = {z:2€lI®zR, by(z,y) €Z, Yy I}
= {z:tr(axy) €Z Yy € Jt} = {x :tr(azy) €Z Vy € tJ}

11 7-17-1 11 7-1
= « DA/ZJ tT =« DA/ZI .

Also since DX}ZJ__l € LR(A) [52, p.217],

I'=Dy,J fa” ! (4.26)
is a generalized two-sided ideal of A and (I*, b, ) is indeed an ideal lattice over A. O

Now we can give another calculation of discriminant of (I, b, ), as mentioned in Propo-

sition 4.9, for the case when (7, b, ) is integral, i.e. when I C I*.

Proposition 4.11. An integral ideal lattice (I, b,) has dimension 4n and discriminant

n(a)?n(I)*n (DA/Z)2 :

Proof. First we notice that [52, p.212]

nA/K (jfl) = nA/K (j)_l = IlA/K (J)il =1 (J 1) = Il(:])il .

Let A’ = Ao~ L. Since A is a free Z—module, A’ is also a free Z—module. Moreover,

A/
AT

/1] =
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By Eq. (4.22), we have
|A'/I| = [Aa™ /0t = |A/Jnyk (B) o) =n(J) 0 (t) n(a)?
and

/1] = [ 6 Dy T T = A/DR T = () (D)

We have [22, p.4]

2 4 2
((=}]))2 n(t()DA/(Z))—Q =n (04)2 n (1)4 n (D/\/Z)2 :

dise ((1,ba)) = |[I*/1| = j

4.3 Arakelov-modular Lattices in Totally Definite Quaternion Al-

gebras

We keep the notations from previous sections. Let K be a totally real number field with

degree n, ring of integers O, and embeddings {o1,...,0,}. Let A = (%’) be a totally
definite quaternion algebra over K, and let A be a maximal order in A.

Take v € K* and let b, be the positive definite bilinear form in Eq. (4.23). Let I = Jt
be a generalized two-sided ideal in A with J € LR(A), t € A*. Then (I, b,) will denote an
ideal lattice over A.

We first note that J € LR(A) satisfies J = J. Indeed, it is known [52, p.273] that the
nonzero prime ideals p of Ok and the prime ideals B of A are in one-to-one correspondence
given by

p=0rNP, PlpA.

For a prime ideal ’B of A, let then p =P N Ok. As for any z € ‘PN Ok, v = =, we have
PNOk =PNOk =p,

and it follows that = B. But since LR(A) = {I : T anidealin A, Oy(I) = O,(I) = A}

forms an abelian group generated by the prime ideals of A, g = P in turn implies J = J.
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Let ¢ denote a positive integer. Let N'(A) be the normalizer of A [35, p.199]:
NA) ={z e A" zhz™1 = A},

which is a group with respect to multiplication. For any € N (A), zA = Az € LR(A) [52,
p-349].

In Chapter 3 we generalized the notion of Arakelov-modular lattice proposed in [6] for
CM fields to totally real number fields (see Definition 3.2). Now we further generalize the

definition of Arakelov-modular lattices to totally definite quaternion algebras .

Definition 4.12. We call an ideal lattice (I, b,) Arakelov-modular of level ¢ if there exists 3 €

N(A)NA, t € AX such that

I=rp, t=mny,k (B) = BB,

where 8’ = {3t ! and I = Jt for some J € LR(A).

Remark 4.13. 1. We have
BB =18t Bt =nux (8) 7 BBnask () = BB =L,

thus £ = ny/ (8) = 55

2. Anideal lattice that is Arakelov-modular of level / is automatically integral. Indeed,
from Eq. (4.26)
* -1 7-1_-17-1
=Dy, a7

DA/ZJ__l € LR(A), and the fact that « is in the center of A, we have [35, p.218],

O(I*) = 10,(Dy L, T )i = iA L,

Since 3 € A, 8 € tAt™!, showing that I = I*3' C I*.
3. An Arakelov-modular lattice (I,b,) is /—modular [49]. Consider the ideal lattice

(I*,bye) and the map

o:I* — I=Tp3

x — zf.
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Then ¢ is a Z—module isomorphism with inverse

oI - I

1
T = —.

B/

Furthermore, for all z,y € I*,

balp(z), 0(y)) = ba(zf,yf") = tr (axB'S'y)

= tr(axly) = tr (bazy) = bo(z,y).

Lemma 4.14. There exists an Arakelov-modular lattice (I, b, ) of level £ over A if and only if

there exists J € LR(A), t € A, a € K totally positive, and 8 € N'(A) N A such that ¢ = 3

and

J? =0k (8) " a Dy (BA).

Proof. By the above discussions, there exists an Arakelov-modular lattice of level ¢ if and

only if there exists o € K*, totally positive, t € A*, 5 € N(A)NA, J € LR(A) such that

¢ = BB and

Jt=1=TIF = a—lpg}zj—lf—lfﬂf—l = oleX/le_lﬁt__l.

Furthermore, this is equivalent to

JH — a—lpx}zj‘lﬁ, ie, Jny/k (t) = OZ_IDX/lZJ_lfB'

Also, ny/k (t) € K which is in the center of A, and the above equality reduces to
J~ YT = Ny /K &) Lo DY

A

Note that as 3 € N'(A),

O,(JB1) = PO ()~ = BAB! = A,

(4.27)

the left hand side of the above equation is well-defined [52, p.196]. As 3 € N'(A), 37! €
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N(A),so B71A € LR(A). Since J € LR(A),
J(BIA)J C I3
On the other hand,

JB7NJ = { > aplyraye J} C J(BTIA) .

finite sum

Hence Eq. (4.27) is equivalent to

(BT =/ () a7 Dy,

ie.,
J? =na/k ()7 a7 DL (BA)
which concludes the proof. O

For any ideal T' € LR(A), T has a factorization [35, p.193]

k
T=1]%,
=1

where B; are prime ideals of A and we write vy, (1) = s;. Using this notation, Lemma 4.14

becomes

Lemma 4.15. There exists an Arakelov-modular lattice (1, b,) of level £ over A if and only

if there exists t € A%, a € K totally positive, and 3 € N(A) N A such that ¢ = 33 and
U (nA/K (t)_1 a_lD(;;/ZDX}Z(BA))

is even for all prime ideal °F} of A.

Comparing with Chapter 3, the main difficulty in defining Arakelov-modular lattice re-
sults from the non-commutativity. For example, if I = 8'I* in Definition 4.12, Remark 4.13-
2 would not be true. And we do need 3 € A NN (A) to have the nice result in Lemma 4.15.
Lemma 4.15 can be seen as a generalization of Propositions 3.6 and 3.9 for number fields to
the non-commutative case, so that the problem of constructing lattices can be formulated

into questions regarding the properties of the quaternions and number fields.



48

Remark 4.16. 1. If we have two quaternion algebras over K, A and A’ that both ramify
at the same finite and infinite places over K, there exists a K —algebra isomorphism
v : A — A'[35, p.100]. If we have an ideal lattice (I, b,) over some maximal order A
in A, we can construct an ideal lattice (I’, b,/ ) over the maximal order ¢(A) in A’ such

that (I, b,) and (I',b],) are isomorphic. And vice versa.

2. Take two maximal orders A and A’ in a quaternion algebra A over K that are conju-
gate to each other, i.e. there exists u € A* such that A’ = ulAu~1. If we have an ideal

lattice (Jt,bs) over A, (uJu~1t,b,) will be an ideal lattice over A’. Consider the map

Vi Jt — uJult

xt — u:cuflt,

we have

tra/ i (auxu_lt(uyu—lt)) = tra/x (auxu_ltfﬁ_lgjﬁ)
-1 _
= try/k (OmA/K na/k (u) Ul”yu)
1 _
= try/k (anA/K )nay (u) uux?/)

= tra/k (axtyt) .

Thus (Jt, b, ) and (uJu~1t, b,) are isomorphic.

Write ¢ = Z%EQ, where (1,03 € Z~( and /5 is square-free. In view of the following propo-

sition, we will first focus on the case when ¢ is square-free.

Proposition 4.17. If there exists an Arakelov-modular lattice of level /s over A, then there

exists an Arakelov-modular lattice of level ¢ over A.

Proof. Let (Jt,b,) be an Arakelov-modular lattice of level /5 over A. By Lemma 4.14, there
exists J € LR(A)and t € A%, a € K totally positive, and 3 € N'(A) N A such that l = 83

and

J? =0k (8) a7 Dy,(BA).

Let 8 = (13, then ¢ = BB, 618e N(A)NAand

J* =nu/k Ol (fla)_IDX}Z(flﬁA) =nA/K O (fla)_IDX}Z(BA)-
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As ly € Z, lha € K is totally positive. By Lemma 4.14 again, (Jt,by,,) is an Arakelov-

modular lattice of level /. O

So from now on, we consider ¢ to be a square-free positive integer unless otherwise

stated.

4.3.1 Galois Extensions

For the rest of the chapter, we suppose that K is a totally real number field which is Galois
with Galois group G.

For p € Z a prime, we write p|p to denote that p is a prime ideal in Ok above p. Similarly,
for p a prime ideal in O, we write B|p to denote that [3 is the prime ideal of A such that [52,
p-273]p = O N*P, ‘PIpA. Let Ram(A), Ram,.(A4) and Ram(A) denote the set of places,
finite places, and infinite places respectively, at which A is ramified.

Suppose { = Hle pi, where p; € Z are prime numbers. Then
k gi . gi .
EOKZH prp , piOK = prp
i=1 \j=1 j=1
We have [52, p.194]

(A = H (H P ) (4.28)
=1 =

where ‘B;; is the prime ideal above p;; in A and my,; is the local index [52, p.270] of A at p;j,
which takes value 2 if A ramifies at p;;, and 1 otherwise. Assume there exists 5 € N'(A) N A

that satisfies £ = 3. As BA = AB € LR(A), BA = BA = AB, so
(BA)? = ABBA = (A,

which gives
k3 epl'rnp”
BA = H (H By ) . (4.29)

Remark 4.18. 1. If ¢, is odd, then p;; € Ram(A) for all j, i.e., ¥p;;|p;, p;; is ramified.

2. Moreover, for any prime ideal °F of A

epmp

wp(58) = Jup(E) = Jop(ph) = 22,

where p =PNOk,p=pNZ.
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Now consider p € Z such that there exists p|p which is ramified, i.e. m, = 2. Then for

Blp,
v (g () a” D<_9K/z)

is even and vqg(DX/lOK) = U‘I?((HpeRamf (A) B)~1) = —1[52,p.273]. Thus to have an Arakelov-

modular lattice, by Lemma 4.15, we must have p|¢ and vy (8) = 25 = ¢, is odd. Then by

the above remark, for all p|p, p € Ram;(A). Define

Sram = {p € Z] there exists p above p such that p € Ramy(A)}.
Q(K) = {peZ|pisaprime that ramifies in K/Q}.
Q(K) = {peQK)ande,iseven}.

To summarize:

Lemma 4.19. If there exists an Arakelov-modular lattice of level ¢ over A, then

=11 » Il »

PESRam pEQ” K)

where Q”(K) is a subset of ' (K).
Moreover, for all p € Sgram, the following two conditions
1. epis odd, i.e. Sram N (K) = 0;
2. Vplp, p € Ramy(A),
are satisfied, which are equivalent to: for all p € Ram(A),
e(plp) is odd, where p = pNZ;
b. o(p) € Ram(A) for all 0 € G, the Galois group of K/Q.

Remark 4.20. 1. Note that the above Lemma implies that if there exists an Arakelov-

modular lattice of level ¢ over A, then we must have disc (A) [({Ok, where

disc (A) = H p

pERamy(A)

is the reduced discriminant of A [35, p.99].

2. For a totally real Galois field K, a quaternion algebra A over K, a maximal order A of
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A and a positive integer ¢ satisfying the conditions in the above lemma, we have

e Tl (H%)p I (Hm@-)2, oo~ T (Hfm),

PESRam  \Pi|P PESRamsPIL \pilp PESRam  \Pilp

where B;|p; and p;|p. Then

ok

Dy o, (B0 = 11 (H%)% 11 (H%)

PESRam Pz\p pgsRam:plé pi |p
4.3.2 Galois Extensions of Odd Degree
A direct corollary of Lemma 4.19 is obtained when K is of odd degree.

Corollary 4.21. If n = [K : Q] is odd and there exists an Arakelov-modular lattice of level

{ over A, then

Ksz.

PESRam
Proof. Since n = [K : Q] is odd, by Lemma 4.19, if p ¢ Sram then p { £. Using Lemma 4.19

again we have

Z:Hp.

peSRam

Remark 4.22. If ¢/ =[] p, by Remark 4.20,

peSRam

ep—1
DX}OK(BA): H (H‘I‘z) .

PESRam  \Pilp

By Lemma 4.19 e, is odd, then Uqg(DX/lOK (BA)) is even for any P a prime ideal in A.

4.4 Totally Definite Quaternion Algebras over KX = Q

Let A = (%) be a totally definite quaternion algebra over Q. @, will denote the comple-
tion of Q at the non-Archimedean evaluation corresponding to the prime integer p [42]. As

there is only one infinite place, the identity, and [35, p.93]

a,b ~ (@b
(&) eer=(%).
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A is totally definite if and only if a < 0 and b < 0 [35, p.92]. Note that since the cardinality
of Ram(A) is even [35, p.99], there are an odd number of finite places where A is ramified

at, i.e.,, Ramy(A) has odd cardinality. Moreover, Sram = Ram(A) for K = Q.

Proposition 4.23. There exists an Arakelov-modular lattice of level ¢ over A if and only if

(= H p and there exists 3 € N'(A) N A such that £ = 3.
pERam ¢ (A)

Proof. Take ¢ =[] aypand € N(A)NAsuch that £ = BB. By Remark 4.22,

pERam ¢ (

DX}Z(BA) = JI %"'=A
pERam(A)
By Lemma 4.14, (A, b;) is an Arakelov-modular lattice of level /.

By Corollary 4.21 and Lemma 4.19, the proof is completed. O

4.4.1 Existence and Classification for ¢ Prime.

Now consider ¢ being a prime integer. Our goal is to characterize the existence of Arakelov-
modular lattices for primes /.

The above proposition and Remark 4.16 show that for each , it suffices to consider one
quaternion A that ramifies at only £. Since we are looking at quaternions over the rational
tield, all maximal orders in A are conjugate to each other [35, p.221]. By Remark 4.16 again,
for each quaternion A we are analyzing, it suffices to consider just one maximal order A in

A. Moreover, we have the following classification result

Proposition 4.24. Take ¢ a prime integer, A a quaternion algebra over QQ that ramifies only at
¢ and A a maximal order of A. Any Arakelov-modular lattice of level £ over A is isomorphic

to the lattice (A, b1), which is an even lattice with minimum 2 and dimension 4.

Proof. Fix a quaternion algebra A = (“@b> that ramifies at only ¢ and a maximal order A.

By the proof of Proposition 4.23, (A, b;) is an Arakelov-modular lattice of level ¢. For any
z e bi(z) =trag(@x) =trag (nag(z). Asngg(x) € Z, bi(z) € 2. Hence (A, by) is
even. Moreover, since b;(1) = 2, (A, b;) has minimum 2. Now take any Arakelov-modular
lattice (Jt,b,) over A of level /. By Lemma 4.14 and the proof of Proposition 4.23, the

following equation holds:

T2 =m0 (1) a T Dy (BA) = naq (8) T a T A,
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As a,ny g (t) € Q let ™ = (anaq (t)) !, where m is an integer and v € Q. For any
prime p and B, the prime ideal above p in A, we have vy (v¢™A) is even. If p # ¢ and p
divides the numerator or denominator of v, as m, = 1, we must have the exponent of p
in the factorization of v is even. In particular, this implies \/y € Q. If p = /, then p = B2
with 8 = SA. Thus we have J = \/76™A. As \/7 € Qand 8 € N(A), /7™ € N(A). So
J =" A = A /yB™. Then the lattice (Jt,b,) = (A\/78™t,bs). Define

hih — AJAB™t

r = xz/yBMt.

h is a bijective Z—module homomorphism, and hence an isomorphism. Moreover, Vz,y €

A
ba(h(x),h(y)) = balz\/7B™t,yy/7B™t) = trasq (az /B HE™ /1Y)
= trasg (amasq (6) Y"ay) = trasg (xy) = bi(z,y).
Thus (Jt, by) is isomorphic to (A, by). O

Recall that the Hilbert symbol (a,b), (or (a,b), for v corresponding to an infinite place)
is defined to be —1 if A is ramified at p (or v) and 1 otherwise. Then for finite prime
p, (a,b), = —1if and only if A ®g Q) is the unique division algebra over Q, [35, p.87].

Hence we will be considering quaternion algebras A = (‘I@b) with a < 0,b < 0 such that

(a,b)¢ = —1 and (a,b), = 1 for all prime p # £.

Let p # 2 be a prime integer and let a, b, ¢, z,y € Q*, we have [61, p.24]
1. (ax?,by?), = (a,b),;

2. (a,b)p(a,c)p = (a,bc)y;

3. (a,b)p = (b,a)p;

4. (a,1—a),=1.

The following product formula [61, p.58] holds:

11 (a,b)y II (@b,=1 (4.30)

ve{ infinite places} ped{ finite places}

Thus, we can focus on the case when a,b € {—1, —p}, where p is a prime.
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For a,b € Z and p # 2, we have [61, p.27]

1 ifpta,ptd
(a,b), = , (4.31)

(2) ifptaplp

where (%) is the Legendre symbol, which is defined by

(a) 1, if a is a square mod p

—1, otherwise

Recall that A is ramified at the unique infinite place (identity), by the product formula
(4.30),

11 (a,b), = —1. (4.32)

pe{ finite places}
We have the following cases:

l.a=-1,b=—1orb= -2, byEq. (431), (a,b), = 1 for all prime p # 2. Then by Eq.

Q
2. a = —1,b = —p, where p # 2, then by Eq. (4.31), (a,b), = 1 for all prime ¢ # 2, p and

(4.32), (a,b)a = —1. Thus <“’b) is ramified only at 2.

(a,b)p = <—1> (1) = ~1 p=3mod4.

1 p = 1mod 4.

By Eq. (4.32),
1 p = 3 mod 4.

(a) b>2 =
—1 p=1mod4.

Thus (%) is ramified only at p if p = 3 mod 4 and it is ramified only at 2 if p = 1 mod 4.

3.a=—-pb=—p, (%) o <—p6p2) ~ (—1(@_1’).

4. a = —2,b = —p, where p # 2, then by Eq. (4.31), (a,b), = 1 for all prime ¢ # 2, p and

_9 2 —1 p=3,5mod8.
@0 = (2] = (1" -

1 p=1,7modS8.
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By Eq. (4.32),
1 p=3,5mod 8.
(aa b)2 —
—1 p=1,7mod8.

Thus ( 0] —==P ) only ramifies at p if p = 3,5 mod 8 and it only ramifies at 2 if p = 1,7 mod 8.
6.a=—p,b=—q, p#q+# 2 thenby Eq. (4.31), (a,b);, = 1 for all prime h # 2, p, g and

(- () -2 2)
- (2)- () -0 )

Recall the reciprocity law for Legendre symbols:

P\ (4 p=1o=
= =) =(=1) 2 2
(2) ()=
If p,¢g =1mod4, (a,b)2 = —1, (a,b), = (%),(a, b)g = <9> Thus( 5 )ramlﬁes atonly 2

iff (g) =1
Ifp=1mod4, ¢=3mod4, (a,b) =1, (a,b), = (g) (a,b)g = — ( ) and (g) (g) — 1.
Thus ( 3 q) ramifies at only p iff < ) = —1 and only at ¢ iff (g)
If p, ¢ = 3mod 4, (a,b)s = 1, (a,b), = — (g) (a,b)g = — (g) a
(%574) ramifies at only piff (2) = ~1 and only at g iff (2) = 1.

With the above discussion, the following lemma enables us to prove the characterization

result.
Lemma 4.25. If p = 1 mod 8is a prime, there exists a prime ¢ = 3 mod 4 such that <§> = -1

Proof. As p = 1 mod 8§, (g) = —1iff (%) = —1. Take any ¢; € {1,2,...,p — 1} which
is a quadratic non-residue [27, p.84] of p. By Chinese Reminder Theorem [27, p.95], there
exists ¢ € {1,2,...,4p} such that ¢ = ¢; mod p and ¢ = 3 mod 4. Clearly, ged(c,p) = 1
and ged(c,4) = 1, so ged(c,4p) = 1. By Dirichlet’s Theorem [27, Theorem 15], there are

infinitely many primes of the form 4pn + ¢, where n denotes positive integers. O

Proposition 4.26. Take A a totally definite quaternion over QQ that ramifies at only one finite

prime p, then we have exactly one of the following scenarios:

Lp=2a= (),

2. p=3mod4, A (%)
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3. p=5mod8 A= (%)

4 p=1mods, A= (%), where ¢ = 3 mod 4 is a prime such that (g) =1

Now we can characterize the existence of Arakelov-modular lattices of level ¢ for ¢ a

prime integer over totally definite quaternions over Q.

Theorem 4.27. Let A be a totally definite quaternion over Q and let A be any maximal order
of A. Then there exists an Arakelov-modular lattice of level ¢, ¢ prime, over A if and only if

one of the situations is satisfied:
~ (=1-1 _
1. A_( . )and£—2

2. A= (%) and ¢/ = 3 mod 4.

3. A= (_%@_£> and ¢ = 5 mod 8.

4 A= (%) and ¢ = 1 mod 8, where ¢ = 3 mod 4 is a prime such that (g) =-1

Proof. By Propositions 4.23 and 4.26, for each case it suffices to find A and g € N(A)N A
such that ¢ = 3.

As usual, let {1,4, 7, k} be a standard basis for A = (“@b>, ie i =a,j?=b,and ij = k.

Case 1: Suppose A = (_1@_1> and ¢ = 2, take A with basis {1, 1, j, W} is a maximal

order of A [35, p.204]. Then 3 = i — j satisfies 2 = 83 and 8 € A. To prove 5 € N(A), it

suffices to show fvf~! € A forall v € {1,4, j, *FHIEY:

(1=j)ii—j)"" = —jeA
1=5)jli—j)~" = —ieA
i i
(1) —H—;y—i—k(l_ 1= 123 keA

=1 ¢ =3 mod4

qy =2 /=5mod8 -

= 3 mod 4 is a prime such that (g) =—-1 /=1mod8

\

Z[1,1, j, k] is always an order in A (see [35, p.84]). Take a maximal order A D Z[1,1, j, ij]
(the existence of such a maximal order is proved in [35, p.84]). In particular, we have j € A.

Since n4/q (j) = ¢, if we prove j € N(A) we are done.
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We have [35, p.353]
N(A) ={z € A" : 2 € N(A,) Vp a prime integer}.
If p # ¢, then p ¢ Ram(A) and [35, p.213]
N(Ap) = QpA;.

As—1€Z,[42,p99] j € Ay, Ay = Z, @7 A [35, p.203] gives j~} = —J € A,. Hence j € A
and we have j € N(A).
Ifp=1,N(A,) = Ay [35,p.208] and hence j € N'(A,).

We can then conclude j € N(A). O

We also have constructive proofs for cases 2 and 3. We need the following result [35,

p.84,214]

1. Ais an order in A if and only if A is a ring of integers in A which contains Z and is

such that QA = A.
2. Anorder A in A is maximal if and only if disc (A/Z) = disc (4)*.

Case 2. Suppose A = (%) and ¢ = 3 mod 4, take A with basis {1,4, 752, &£}, Clearly

Z C A and QA = A. By the above, to show A is a maximal order we need to show
e Aisasubring of 4;
e the elements of A are integers, i.e. try/, () ,n4/q (z) € Zforallz € A;
e disc (A/Z) = disc (A4)? = 2Z.

Since A is a free Z—module, A is closed under addition. Also 1 € A. To prove A is closed
under multiplication, we just need to prove the product of any two basis elements is still

in A. Consider the following multiplication table,

i 1+j i+k
2 2
. N i+k —1—j
7 1 = —5
145 i—k 1—0+25 (£+1)¢
2 2 4 4
itk —1+j 2k+(1—0)i _1—¢
2 2 4 4
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we have
i—k . i1+k —1+j5 1+

= —1leA
2 2

As ¢ =3mod4,4|(¢+ 1), hence

1-0+42) 145 £+1 A (E—Fl)zeA7 2k+(1—€)z:z+k_(€+1)z€A.
4 2 4 4 4 2 4

We have proved that A is closed under multiplication and hence A is a subring of A. As /¢
is odd, the following reduced trace table shows that the trace of the basis elements as well
as that of the product of any two basis elements are all integers. Each entry of the table
corresponds to the reduced trace of the product of the element from the left and that from

the top. For example, (1, 1)—entry is given by tr g (1-i) = 0.

trag() | @ L HE
1 0 1 0
i -2 0 -1
e 0 £ o0
itk 1 0 —12—£

Recall / = 3 mod 4, the reduced norm table shows that the norm of each basis element
and also that the norm of the sum of any two basis elements are integers. Each entry of
the table here corresponds to the reduced norm of the sum of the element from the left and

that from the top. For example, (1,1)—entry is given by ny /g (0 + i) =

ng(+) | i e ok

0 1 (140)/4 (£+1)/4
1 2 (L+9)/4 (5+10)/4
i 4 (BG40 (9+0)/4
1 - 1+ (140))2
I - 1+¢

Since the trace of the sum of two integers is an integer and the norm of the product of two
integers is an integer we have proved the sum and the product of any two basis elements
is still an integer in A. As a subring of A4, it follows that all the elements in A are integers in

A. Hence A is an order.
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The reduced discriminant of the order Z[1, 7, j, k| is

det 7 = 16/%7.

A is obtained from Z[1, i, j, k| by a basis change matrix with determinant i and hence
disc (A) = 160% - ~7 = £°Z
isc (A) = pl="CL.

We have proved A is a maximal order. Take 3 = j = -1+ 2- 1% € A, then

o . itk . —i—k A+5.4 147
Jv te A, ] 9 J 9 S P 9 J 9 €

A.

This shows jAj~! C A, since [52, p.349]

NA) ={z e A" zAhz™' C A},

we have 8 € N(A). As BB = ¢, by Proposition 4.23, there exists an Arakelov-modular

lattice of level ¢ over A.

Case 3. Suppose A = <_2@_€> and ¢ = 5 mod 8. In this case we take A with basis

{1, vy g W} As in the previous case, we consider the following three tables and A

2

can be proved to be an order.

. 1+i435 . 2+i+k
t 2 J 1
. _ i—2+k i—1—j
1 2 5 k —
I+ity | i—2—k  it+j _ £—1 jtk—t 43,
2 2 2 4 2 8
. - Gj—k—¢ B 2j—k-+03
J k 2 ¢ 1
2+i+k | i—1+j  (3—0i+4j4+2k  254+k—4i  (1-0)+2i42k
4 2 8 4 8
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trasg () i A v
1 0 1 0 1
) —4 -2 0 -1
141475 0
2 8Ly 0
J 0 - =20 0
i+k —L
itk 10 0 =t
nag(+) | i 5 J MR
0 2 (L+3)/4 ¢ (0 +3)/8
1 3 (11+¢)/4 1+¢ (19+¢)/8
i 8 (U+19)/4 (42 (0 +27)/8
L 043 (90+3)/4 (17+30)/8
j - - 40 (9¢+3)/8
|- - - (€+3)/2

Then similarly, as A has discriminant 0?7, it is a maximal order. By direct computation, we

can prove = j € ANN(A).

Remark 4.28. The above computations enable us to find Arakelov-modular lattices of level
¢forall ¢ = 3mod 4 and ¢ = 5 mod 8. Similar techniques can also be applied for square-free

composite integers £.

By Proposition 4.23, there exists an Arakelov-modular lattice of level ¢ over A.

Example 4.29. 1. Take A = (=L=!) and A with basis 1,4, 7, Lritjtky A by)isa2—
P Q 2

modular lattice.

2. Take A = (_1’_3> and A with basis {1, 1, 13

W) Tj, #}, (A, by) is a 3—modular lattice.

3. Take A = (7265) and A with basis {7, w,j, W}, (A, by) is a 5—modular lattice.

4. Take A = (%) and A with basis {1, %, 3+i23j+k, *3%*2’“}, (A,by) is a 17—

modular lattice.

Note that the same construction for Examples 1 and 2 above appeared in [37, p.266].

4.4.2 The Case when / is a Positive Integer

Now we consider the case when 7 is not necessarily square-free, i.e. ¢ being any positive

integer. Let A be a totally definite quaternion algebra over Q and let A be any maximal
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order of A. Let r, denote the exponent of prime p in the prime factorization of ¢, i.e. ¢ =
[1,p". If there exists an Arakelov-modular lattice of level £ over A, by Lemma 4.14 there

exists 8 € N(A) N A such that ¢ = 33. And as in Egs. (4.28) and (4.29) we have

A= T s, sa= ] B2

pl&,Blp pl&,Blp

We can see that if m,, is odd, i.e. if p ¢ Ram(A), r, must be even. Then

BA = I1 >t |

rp even, pgRam ¢ (A),B|p pl¢,p€Ram ¢ (A),B|p
and
-1 p _ _
D/ (BA) = 11 ¥ I ¥ I %"
Tp even, pgRamf (A)fml’ P|E,P€Ramf (A)fml’ MZ,PERamf (A)am‘p

As ny g ) ot e Qifp e Ram(A), vp(na g ()"t a~1) is even, thus we must have
Vp € Ramy(A), p|¢ and rp is odd.

Proposition 4.30. Take a positive integer £ = [[,p'?, there exists an Arakelov-modular

lattice over A if and only if the following conditions are all satisfied:
1. (= E%Eg, where /5 = HpERamf (4) p'™?, ¢ is a positive integer coprime with /o;
2. For all p|ls, 1, is odd;
3. There exists 3 € N(A) N A such that ¢ = 38.

Proof. Inview of the above discussion, it suffices to prove that if the conditions are satisfied,

then there exists an Arakelov-modular lattice of level ¢. We have

DyL8 = T % [ #

ple1,B|p pll2,Blp

Let o = ¢4, then
o'y = [ w7

plé2,B|p

As rp, are all odd for p|¢5, we can take

J= 11 %= = I =™

plé2,B|p pERamf(A),P|p
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Lett =1, I = Jt, then by Lemma 4.14, (I, b,) is an Arakelov-modular lattice of level /. [J

Remark 4.31. If ¢ is square-free, then ¢; = 1, 1, = 1 for all p|l; and we get the same

statement as in Proposition 4.23.

Since we are considering totally definite quaternion algebras A, Ram¢(A) # (. Thus

¢y # 1, which implies

Corollary 4.32. There does not exist any Arakelov-modular lattice over A of level / for / a

square.

In Table 4.1 we list some examples of Arakelov-modular lattices with level ¢ such that
¢ is not square-free, constructed from totally definite quaternion algebras over Q. We also
list the minimum and kissing number for the lattices obtained for comparison.

Recall from Definition 2.7 that the minimum of (L, b) is

min{b(z,z) : x € L,x # 0},

and the kissing number of (L, b) is

cardinality of {z € L : b(x,x) = pur}.

As mentioned in Section 2.2, those are two common properties attracting attentions due to
their close connections to sphere packing and other research areas. Normally the goal is to
find lattices with bigger minimum or bigger kissing number. The highest known kissing
number for a lattice in dimension 4 is 24 [19, p.22]. The minima of extremal (see Defini-
tion 2.11) 4—dimensional /—modular lattices are listed in Table 4.2 for interested readers.
To the best of our knowledge, the lattices in Table 4.1 are new. In particular, the first row of

Table 4.1 gives us a new lattice with kissing number 24 in dimension 4.

0| b | b (a,b) I | | min | kn
8|1 |25](-1,-1) [P | 1 4 | 24
27 11 33| (=1,-3) | B | 1| 6 | 12
1202 3| (-1,-3)| A 2| 4 |12

(‘f@b) (here B, is the prime ideal

Table 4.1: Examples of lattices (7, b,) obtained from A =

above p) such that (I,b,) is an even 4—dimensional Arakelov-modular lattice of level ¢ =
E% -l (3 is coprime with /1) with minimum min and kissing number kn.



63

Y4 1121356 |7]|11] 14| 15| 23
Minimum | 2|22 223|414 | 4| 4

Table 4.2: Minima of extremal 4—dimensional /—modular lattices

4.5 Maximal Real Subfield of Cyclotomic Field (odd degree)

Let K = Q(¢pr + Cp_rl), where (- is a primitive p"th root of unity, p = 3 mod 4 is a prime
and r is a positive integer. Then K = Q({,~) N R is the maximal real subfield of Q((,~). We
have K is a totally real Galois extension with ring of integers Ok = Z[(,r + @"l] and degree
n=[K:Q = w [62, p.15]. Since p = 3 mod 4, n is odd. For simplicity, we will write
¢ instead of ¢, if there is no confusion.

The only prime that ramifies in K is p and p is totally ramified. More precisely, let p be
the prime ideal in Ok above p, then

Pip-1)

& = vp(p) = =

Furthermore, p is the only prime that ramifies in Q(¢)/K [62, p.16]. Let Q be the prime
ideal above p in Q(¢), then p = Q% and D¢y x = Q[42, p.199]. We also have

=1 (pr—r—
Dgeyg =7 71 [59,p.65],
and
Dao(¢)/a = Da)/xPr/g [42,p-195].

Hence

1

vp(Dr/g) = %(UQ(D@(Q/@) —va(Do(¢)/k)) = §(Pr_1(p7’ —-r—1)-1).

Asp=3mod4, p"~!(pr —r —1) = 1 mod 4 for all r. Then we have v,(D q) is even.
As before, let A be a totally definite quaternion algebra over K and A be a maximal order

of A. We have the following

Proposition 4.33. There exists an Arakelov-modular lattice of level ¢ over A if and only if

all the following conditions are satisfied:

1. For all p € Sram, if p|p, then p € Ram(A);
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II »

PESRam

3. There exists 3 € N'(A) N A such that £ = 35.

Proof. The necessity of the three conditions follows from Corollary 4.21.
Assume the three conditions are satisfied. Then by Remark 4.22 and the above the dis-

cussion

vp(Doy. 5Py o, (BA))

is even for any B a prime ideal in A. By Lemma 4.15, taking o« = ¢ = 1, we get an Arakelov-
modular lattice of level /.

To be more specific, let p,, be the prime ideal in Ok above p and ‘B, the prime ideal in
Ok above p. For any p’ # p a prime integer, e,y = 1, so

o Ifp ¢ Sk
B S Hpr—r—1)-1)

Dol 2 Dibo, (B8) =¥, °
i pr € SRam/

_ L Hpr—r—1)-1)2 e,—1 =12t _prgrt1)
Dok 12Dy o, (BA) =B, 2" 7 y=%

2pT 1 p—fprJrrJrl)

i Hpr—r=1)—1
LetI =, 1f p ¢ Sram and let I = if p € Sram. Then

by Lemma 4.14, (I, b;) is an Arakelov-modular lattice of level /. O

451 Examples

In this section we give some examples for K = Q((,r + Cp_rl), A= <‘};’) with standard

basis {1,1,j, k}, A a maximal order of A such that there exists Arakelov-modular modular
lattices over A.

As mentioned in Section 4.4.2, the minimum and kissing number of a lattice are two
properties attracting researchers” attentions and lattices with large minimum or large kiss-
ing number are more desirable [19]. In general it is difficult to calculate the upper bounds
on the kissing numbers of lattices [19, p.21]. As the lattices we construct in this chapter
are all of dimensions multiples of 4, for comparison, we list in Table 4.3 the highest kissing

number presently known for lattices with dimension a multiple of 4, up to 128 [56]. And
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in Table 4.4 we list the minima of extremal lattices (see Definition 2.11) in dimensions that

are involved in our examples later.

Dim 4 8 12 16 20 24 28 32

KN 24 240 756 4320 17400 196560 197736 261120
Dim 36 40 44 48 64 72 80 128

KN | 274944 | 399360 | 2708112 | 52416000 | 138458880 | 6218175600 | 6218175840 | 218044170240

Table 4.3: Highest kissing number, “KN”, presently known for lattices with dimension a
multiple of 4 up to dimension 128 [56]

R ¢l1] 23|56 | 7 |11|14]|15]|23
) 2 22 [ 444661610
12 2|2 | 4|44 |6 ]|8]|8]|8]14
20 2144668 |1212]12]12
24 44|68 | 810141414 26
36 416 | 8101014 |20|20|20] 38
40 416 8 1212142222 |22/|42
44 416 | 8 1212|1624 24|24 46
84 8|12 |16 | 22|22 |30 |44 | 44 | 44 | 86

Table 4.4: Minima of extremal Dim-dimensional /—modular lattices.

Construction of an existing lattice

We first give two constructions that both give the lattice ‘G2°6’ from the list [56].

Example 4.34. Take p = 7,7 = 1, A = (*1[;3), A with basis {1,i,i + j,1 + k}. Then
Sram = {3} and Ramy(A4) = {30k}, so ¢ = 3. Take 8 = k, then 8 € N(A) N A and ¢ = 0.
(52, b1) gives an even modular lattice of level 3 and dimension 12 with minimum 2, which

is the lattice ‘G276’.

Example 4.35. Take p = 3,r = 2, A = <_11’(_3)' A with basis {1,4,3i + j,3 + k}. Then
Sram = {3} and Ram(A) = {30k}, so £ = 3. Take 3 = j, then B € N(A)N A and ¢ = 38.

(B3 °,b1) gives the same 12—dimensional modular lattice of level 3.

For p ¢ Sram

We list examples for p ¢ Sram in Table 4.5. Each row corresponds to one lattice, where we
take K = Q((pr + (;«1), A a totally definite quaternion algebra that ramifies at only one
finite place ¢ # p and A a maximal order of A. By Proposition 4.33, the ideal lattice (Z, b;)

1 (pr—r—1)—1)

_1
with I = 3, alp , where ‘B, is the prime ideal in A over p, is an /—modular

lattice. For simplicity, we use z to denote ¢, + Cp71.




66

Dim | p | r | ¢ (a,b) min | kn
12 |32 2 (z—2,-2) 2 72
12 | 3125 (—2% — z,-5) 2 72
12 | 32| 7 (—1,-7) 2 12
12 |3 ]2|11 (=22 — 2z, —11) 2 72
12 | 3 2|13 (-2 —2z—1,,-13) 2 6
12 | 3 [2]23 (—1,—23) 2 12
2 [ 7]1]2 (2> +2-3,-2) 2 72
12 | 71| 5 (2% — 4,,-202%) 2 42
12 | 7 |1|23 (=22 4+2—1,-23) 2 6
20 [11]1] 2 (—1,-2) 2 120
20 |11 ] 1| 3 (=1,-3) 2 60
20 |11 |1] 5 (—22* — 223 + 222 42— 1,-5) 2 10
20 |11 |1 7 (=7,2% =32 —2) 2 10
20 | 11| 1|23 (—2,—23) 2 10
36 | 3 [3] 2 (=2, =25 +82% —2° — 2227 + 52 + 2427 — 62 — 9) 2 2
36 | 3 (3|5 (=5, —22% — 327 4+ 152% 4+ 232° — 312* — 502° 4+ 1022 + 232 + 1) 2 2
36 | 3|37 (—7,—32% + 327 +242° — 212° — 592* +402% + 472% — 152 — 15) 2 2
36 3 13|11 (—11,28 + 27 — 72% —52° +152* +42° — 1122 + 32— 1) 2 2
36 3 13123 (=23, -32% — 27 + 2325 4 72° — 572% — 162° + 512 + 112 — 18) 2 2
36 [19] 1] 2 (=2,28 + 27 =725 —52° + 152" + 427 — 1127 + 22— 1) 2 18
36 | 19]1] 3 (=3,25 +2° —62* — 52 +102% + 52 — 6) 2 54
36 | 191 5 (—5,62% + 27 — 4025 — 102° + 762* + 332 — 3822 — 272 — 7) 2 18
36 | 191 7 (=7,227 — 2% —142° + 72* 4 272° — 1222 — 92 - 2) 2 18
36 |19 | 1] 11 (—11,28 + 27 — 728 — 72° + 152* 4 152° — 102 — 92 — 2) 2 18
36 | 19| 1] 23 (—23,2% —72% + 25 +132* — 723 — 42+ 82— 7) 2 18
4 [23[1] 2 (—2,2"7 4227 — 725 — 1427 + 1525 +292° — 1227 — 182° + 527 — 4) 2 22
44 | 23 | 1] 3 | (=3,22"0 +22° — 1925 — 1727 4 642° + 4825 — 922" — 492° +- 5522 + 112 — 14) | 2 66
44 |23 |1]| 5 (=5, =321 — 2% 42528 4 527 — 662° — 32° + 552* — 923 — 322 + 52— 8) 2 22
4 (23| 1| 7 (—=7,2% + 228 — 727 — 1625 +132° +402* + 2° — 3122 — 142 — 2) 2 22
4 (23| 1|11 (=11, =20 — 2% + 1028 + 727 — 372% — 1325 + 622 + 22 — 4322 + 42 + 1) 2 22
84 [ 721 2 (—1,-2) 4 [ 1584
84 | 72| 3 (—1,-3) 4 792

" pr-r-1)-1)

_1
Table 4.5: Examples of lattices (I, b;), where I = 3, 1
ideal in A over p, obtained from K = Q((,r + Cp_Tl), totally definite quaternion A = (‘;(b)

and P, is the prime

over K, p ¢ Sram, such that (1, b;) is {—modular with minimum min and kissing number
kn.

For p € Sram

We list a few examples for p € Sram in Table 4.6. Similarly as above, each row corresponds
to one lattice, where we take K = Q({pr + Cpil), A a totally definite quaternion algebra that
ramifies at only one finite place p and A a maximal order of A. By Proposition 4.33, the

30" (B —prr 1)

ideal lattice (I, b;) with I = 3 , Where 3, is the prime ideal in A over p, is

an /—modular lattice.

4.6 Galois Extension with Even Degree

In this section, we will prove some existence results for the case when K is a totally real
Galois extension with degree of extension [K : Q] being even. As before, A will be a totally

definite quaternion algebra over K and A a maximal order of A. ¢ will be a positive square-
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Dim | p | r (a,b) min | kn
12 [ 7 [1] (-.,-7) | 4 | &4
20 |11 ] 1] (=1,-11) | 6 | 220
36 | 3 [3] (=1,-3) | 2 | 108
4 |23 |1 (—-1,-23) | 12 | 1012
. Lpr=1 (2t —prtr41) . .
Table 4.6: Examples of lattices (I, b;), where I = 2 and B, is the prime

ideal in A over p, obtained from K = Q((, + Cp?l), totally definite quaternion A = (‘%’)

over K, p € Sram, such that (I, b;) is p—modular with minimum min and kissing number
kn.

free integer.

4.6.1 Totally Real Quadratic Field

Let K = Q(v/d) be a totally real quadratic field, where d is a square-free positive integer.
The discriminant of K is (see [59, p.65] and [42, p.197])

d ifd=1mod4

AI( = ’
4d if d = 2,3 mod 4
and
Z[Hﬂ} if d = 1 mod 4 (Vd) ifd=1mod4
Ok = » Doz = -
Z[\/d] if d = 2,3 mod 4 (2vd) ifd=2,3mod4

The set of primes ramified in K/Q are precisely those dividing Ax and the ramification

index for any ramified prime is 2 [59, p.55]. So

{p: p|d} d=1,2mod 4
{p:pld} U{2} d=3mod4
We have

Proposition 4.36. If the following conditions are satisfied, then there exists an Arakelov-

modular lattice of level ¢ over A.

1. There exists 8 € N'(A) N A such that £ = 3;
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2.
H p H p d=3mod4
¢ — ) PESRam  pEQUK) p#£2 .
H H p d=1,2mod 4
pESRam pEQ

3. Sram N Q(K) = @)
4. For all p € Sram, if p|p, then p € Ram(A).

Proof. Assume all four conditions are satisfied. For any p € Q(K), let p,, be the prime ideal
above p in Ok and ‘B, the prime ideal above p, in A. As Sgam N Q(K) = 0, if p € Sram,

ep = 1. If p € Q(K), p is totally ramified with e, = 2. We have

H ‘,Bp d=1mod4
peEQ(K
Da;/ZA_ 2132_ H ‘,B;I d=3mod4
pEQ(K),p#2
%, J] %' d=2mod4
PEQ(K),p#£2
By Remark 4.20,
I = d=1,2mod 4
Il % d=3mod4
PEQ(K),p#£2
Hence

B A d=1mod4
DO /7 A/O (BA) =

P2 d=2,3mod4

Then by Lemma 4.14, the ideal lattice (I, b;), where

A d=1mod4
I:

)

Py' d=2,3mod 4

is an Arakelov-modular lattice of level /. O

4.6.2 Maximal Real Subfield of Cyclotomic Field — Prime Power Case

Consider K = Q({r + Cz;"l) with p = 1 mod 4. Similarly as in Section 4.5, K = Q({,r) N R

is a totally real number field. The only prime that ramifies in K/Q is p with ramification
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index
P —1)
P 9 )

which is an even number. In particular we have ' (K) = Q(K). Moreover,
1 r—1
UP(DOK/Z) = 5(]9 (pr—r—1)-1)

is odd, where p is the prime ideal above p in O. Then

Proposition 4.37. If the following conditions are satisfied, then there exists an Arakelov-

modular lattice of level ¢ over A.

1. There exists 8 € N'(A) N A such that £ = 35;

t=p [] o

P'€SRam
3. p ¢ Sram;
4. For all p’ € Sram, if p'[p’, then p’ € Ram(A);
5. p=>5mod8.

Proof. Assume all the conditions are satisfied. As p ¢ Sram, for any p’ € Sram, €y = 1. Let

B be the ideal in A above p, which is the ideal in O above p. By the above
— —Lpr—t(pr—r—1)-1
Doi/ZA:m s )—1)

By Remark 4.20,

cp

_ _ L1 (1) 1)+ 2
Doy, /2Dnjo, (BA) =P 0T e )=y

Asp=5mod 8, e,isodd. —(p"}(pr —r — 1) — 1) is also odd. Thus by Lemma 4.14, the

ideal lattice (I, b;), where

I = m—%(pr’l(pr—r—l)—l)-F%p
is an Arakelov-modular lattice of level /. O

4.6.3 Maximal Real Subfield of Cyclotomic Field — Non-prime Power Case

Consider K = Q((n+¢;,!) with m # 2 mod 4 not a prime power. Then K = Q((,,,)NR is the

maximal real subfield of Q((,,). K is a totally real Galois extension with Ok = Z[(m + (1]
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and degree n = ¢(m) = m[],,,(1 — 1/p) [62, p.15]. Suppose m = [[;_; p;". The primes

that are ramified in K/Q are precisely pi, ..., pn, and

=pii N (i — 1),

which are even. In particular we have Q'(K) = Q(K). Let {p;;}1<j<g, be the prime ideals

in Ok above p; with corresponding prime ideals {3;; }1<;<4, in A. Then

i=1 \j=1

s g P, (piri—ri—1)
Do,z = H (H Pij) :

Proposition 4.38. If the following conditions are satisfied, then there exists an Arakelov-

modular lattice of level Z over A:

1. For all p|n, p =3 mod 4;

2. There exists 3 € N'(A) N A such that £ = 35;
3. Q(K) N Sram = 0

4. For all p € Sram, if p|p, then p € Ram¢(A);

5.

£ = H pﬁpz’~

PESRam =1

Proof. Assume all the conditions are satisfied, then

i—1
—p;t (piri—ri—1)

Do,z = H‘Bm
=1 \y=1

By Remark 4.20,

m [ g Li—p T (piri—ri—1)

1 —
Doy zPhjox (H ‘I%j) :

i=1 \j=
Asp =3mod4, Z —p “Ypiri —r; — 1) is even. And by Lemma 4.14, the lattice (I,b;),
where

ep; 1,71
T —3p; (pimi—ri—1)

ﬁ H%

=1 =

is an Arakelov-modular lattice of level /. O
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4.6.4 Examples

In Table 4.7 we list some examples of Arakelov-modular lattices constructed from totally
definite quaternion algebras over Galois fields with even degree. Then we give a construc-

tion of an existing lattice Qg(1) [51] in Example 4.39.

Dim | ¢ K (a,b) 1 min | kn
8 6 Q(v6) (-1,-1) [ B, ] 2 | 24
8 | 14 Q(v14) (=1,-1) | B;' | 2 | 24
24 | 13| Q(Gs+(r) | (<1,-13) | Py | 8 | 72
24 | 21 | Q(Cor + GpY) | (=1,-21) | |1 | 12 | 744
40 |5 | Qs+¢s) | (1,-5) | B | 4 | 120

Table 4.7: Examples of lattices (/,b;) constructed from Galois field K with even degree,

totally definite quaternion algebra A = (aKb) over K, such that (I, b;) is an even Arakelov-

modular lattice of level £ with dimension Dim, minimum min and kissing number kn. Here
B, denotes the prime ideal above p.

Construction of an existing lattice

Example 4.39. Taked ={ =5, A = (&\/5) which only ramifies at infinite places. By the
proof of Proposition 4.36, (A, b ) is an Arakelov-modular lattice of level 5 and dimension 8.
Furthermore, this lattice is even with minimum 4 and hence it is the unique 8 —dimensional

extremal (see Definition 2.11) 5—modular lattice Qg(1) [51].
Remark 4.40. To the best of our knowledge, the lattices in Tables 4.5, 4.6 and 4.7 are new.

For a more general setting, as mentioned in Remark 4.2, whenever there is a trace form
and an involution on a separable algebra, a positive definite symmetric bilinear form b,, can
be defined with a proper choice of o. The concepts of ideal, order and different also exist
for a separable K —algebra, where K is a field [52]. The future work will be generalizing

the construction of Arakelov-modular lattices to separable algebras.



Chapter 5

Construction A over Number Fields

In this chapter, we present a variation of Construction A for constructing modular lattices.
Let K be a Galois number field of degree n which is either totally real or a CM field. Let
O be the ring of integers of K and p be a prime ideal of Ok above the prime p. We have
Ok /p = F,r, where f is the inertia degree of p. Define p to be the map of reduction modulo
p componentwise as follows:

p: o¥ — IE‘]]D\;

(5.1)
(x1,...,zn) +— (x1modp,...,zx mod p)

for some positive integer N. Let C' C lev\} be a linear code over pr, that is a £-dimensional
subspace of F;)Vf. As p is a Z—module homomorphism, p~1(C) is a submodule of O.
Since Of is a free Z—module of rank n, p~!(C) is a free Z—module of rank nN. Let b,

O¥ x OX — R be the symmetric bilinear form defined by

N

ba(w,y) =Y Tryjgazif) (5.2)
i=1

where a € K N R and y; denotes the complex conjugate of y; if K is CM (and y; is under-
stood to be y; if K is totally real). If « is furthermore totally positive, i.e., o;(cr) > 0, for
o1(the identity), o9, ..., 0y, all elements of the Galois group of K over Q, then b is positive

definite:
N

bo(x, ) = Z r (ax;T;) ZZUJ a)loj(z;)] 2>,

=1 =1 j=1
Yz € OY, x nonzero. If we take « in the codifferent D! = {z € K : Tr (zy) € Z Vy € Ok}

of K, then Tr (ax;y;) € Z.

72
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The pair (p~1(C), b,) thus forms a lattice of rank (or dimension) nN, which is integral
when o € D[_{l but also in other cases, depending on the choice of C, as we will see several
times next.

This method of constructing lattices from linear codes is usually referred to as Construc-
tion A [19]. The principle is well known, albeit not using the exact above formulation.
The original binary Construction A, due to Forney [26], uses K = Q, Ox = Z, p = 2 and
typically o = 1/2 (sometimes « is chosen to be 1). The binary Construction A can also be
seen as a particular case of the cyclotomic field approach proposed by Ebeling [22], which
in turn is a particular case of the above construction. For p a prime, take for K the cyclo-
tomic field Q((,), where ¢, is a primitive pth root of unity, and note that O = Z[(,]. Take
p = (1 — () the prime ideal above p, and o = 1/p. Since Ok /p = F), this construction
involves linear codes over F,,. The case p = 2 is the binary Construction A. The generaliza-
tion from cyclotomic fields to either CM fields or totally real number fields was suggested
in [30] for the case where p is totally ramified. The motivation to revisit Construction A us-
ing number fields came from coding theory for wireless communication, for which lattices
built over totally real numbers fields and CM fields play an important role [43]. In par-
ticular, Construction A over number fields enables lattice coset encoding for transmission
over wireless channels, and wireless wiretap channels [30]. It is also useful in the context
of physical network coding [45].

The main interest in constructing lattices from linear codes is to take advantage of the
code properties to obtain lattices with nice properties (see Section 2.2).

Here we recall some lattice definitions from Chapter 2. Certain definitions have equiva-
lent formulations in coding theory, which are listed below. Given an arbitrary lattice (L, b)
where L is a Z—module and b is a symmetric bilinear form which is positive definite, then

the dual lattice of (L, b) is the pair (L*, b), where
L*={xecL®zR:blx,y) € ZVy € L},

and (L, b) is

e integral if L C L*,

e unimodular if (L,b) = (L*,b), i.e., there exists a Z—module isomorphism 7 : L — L*
such that b(7(z),7(y)) = b(x,y) for all z,y € L, and

e d—modular (or modular of level d) if it is integral and (L, b) = (L*, db) for some positive

integer d.
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Given a linear code C' C Fév of dimension k, ¢ a prime power, its dual code C* is defined
by

N
CL:{xEIFéV:w-y:inyz':OVyeC} (5.3)
i=1

and C is called

e self-orthogonal if C C C*, and

o self-dual if C = C+.

It is well known for the binary Construction A that C C FY is self-dual if and only if
(p~HO),b 1 ) is unimodular [22, 19]. More generally, for K = Q((,), if C C IF;V is self-dual,
then (p=1(C),b %) is unimodular [22]. We will prove a converse of this statement for totally
real number fields and CM fields with a totally ramified prime in Section 5.1.

Self-dual codes thus provide a systematic way to obtain modular lattices. This was used
for example in [17], where K = Q(v/—2), p = (3) and self-dual codes over the ring O /p
were used to construct 2—modular lattices. Similarly, in [18], it was shown that by taking
K = Q((3), where (3 is the 3rd primitive root of unity, p = (4), and self-dual codes over
the ring Ok /p, 3—modular lattices can be constructed. In [2], the quadratic fields Q(y/—7)
with p = (2), Q(7) with p = (2) and Q(¢3) with p = (2) or p = (3), as well as totally
definite quaternion algebras ramified at either 2 or 3 with p = (2), were used to construct
modular lattices from self-dual codes. An even more generalized version of Construction
A is introduced in [54], where Ok is replaced by any lattice L C R™ and p by pL for a prime
p. It is then applied to construct unimodular lattices from self-dual linear codes.

Apart from modularity, large minimal norm is another classical property which has been
well studied. This is normally achieved via Construction A by exploiting the dualities be-
tween the linear codes and the resulting lattices. For example, in [2], the association be-
tween MacWilliams identities for linear codes and theta series for lattices are established
for the cases listed above to construct extremal lattices, lattices with the largest possible
minimal norm (see Definition 2.11). Other duality relations also include the relation be-
tween the minimum weight of linear codes and the minimal norm of the corresponding
lattices [17], or the connection between the weight enumerator of linear codes and the theta
series of lattices [18], shown in both cases for the cases listed above. One classical motiva-
tion for finding lattices with the biggest minimum is to find the densest sphere packings,
which can be applied to coding over Gaussian channels [54] (see Section 2.2).

In Section 5.1, generator and Gram matrices are computed for the generic case of Con-

struction A over Galois number fields, either totally real or CM. Knowledge of these matri-
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ces is important for applications, such as lattice encoding, or if one needs to compute the
theta series of the lattice, as we will do in Section 5.3. It also gives one way to verify mod-
ularity, as will be shown both in Sections 5.2 and 5.4. From the generic construction, exam-
ples of lattices are obtained by considering specific number fields. We investigate the two
most natural ones, namely totally real quadratic fields in Section 5.2, and totally imaginary
quadratic fields in Section 5.4. Our techniques could be applied to other number fields,
such as cyclotomic fields, or cyclic fields, but these directions are left open. Section 5.3
provides examples of lattices and of their applications: we construct modular lattices and
compute their theta series (and their kissing number in particular), but also their minimal
norm. The theta series allows to compute the secrecy gain of the lattice [44], a lattice in-
variant studied in the context of wiretap coding. Interesting examples are found — new
constructions of known extremal lattices, modular lattices with large minimal norm — and

numerical evidence gives new insight on the behavior of the secrecy gain.

5.1 Generator and Gram Matrices for Construction A

As above, we consider the nN-dimensional lattice (p~1(C), b,). Let A be the absolute value
of the discriminant of K. We will adopt the row convention, meaning that a lattice gener-
ator matrix contains a basis as row vectors. The Gram matrix contains as usual the inner
product between the basis vectors. The volume of a lattice is the absolute value of the de-
terminant of a generator matrix, while the discriminant of a lattice is the determinant of its

Gram matrix.

Lemma 5.1. The lattice (p~!(C),b,) has discriminant ANp2/(N=F)N ()N and volume

AN/2pf(N—k:)N(a)%'

Proof. For N = 1, (Ok,b,) is a lattice with discriminant N (a)A [5]. Hence (O¥,b,) has
discriminant (N (a)A)" and volume (N (a)A)%. As pis a surjective Z—module homomor-

(N—k

phism and C has index p/ ) as a subgroup of IF;V , p~H(C) also has index p/(V %) as a

subgroup of OF and we have [22]
N
vol((p~H(C), ba)) = vl (0K, bu)OK /™ (C)] = N(a)¥2AZpI V70,

0

Corollary 5.2. The dual lattice (p~1(C)*, b,) has discriminant A~Np=2/(N=k) N (@)~ and
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volume A=N/2p~F(N=K)N'(¢) 2 . Also the lattice (p~'(C),b,) has discriminant AN p2/%

N
2.

N(a)" and volume A%pf’fN(a)

Let {v1,...,v,} be a Z—basis for Ok and let {w;,...,w,} be a Z—basis for p. Recall
that a generator matrix for a linear code C' is a matrix whose rows form a basis for C. A
generator matrix is said to be in standard (systematic) form if it is of the form [I};|X] [34,
p-52]. Suppose C' admits a generator matrix in the standard (systematic) form and let A be

a matrix such that [I; (A mod p)] is a generator matrix of C.

Proposition 5.3. For K a totally real number field of degree n with Galois group {o;(the

identity), ..., 0, }, a generator matrix for (p~1(C), b,) is given by

Lo M ARQM

(In ® Dy), (5.4)
OnN—nk,nk IN—k & Mp

Mc

where M = (0(v4))ij=1,..n, Mp = (0j(w;))ij=1,.. n are respectively generator matrices
for ((9% ,by) and (pV,b1), Dy is a diagonal matrix whose diagonal entries are \/c;(a), i =

1,...,n,and
A@M = [0'1(141) ® M, .. .,O'n(Al) QK M,, ... ;O'n(AN—k) ® My, ... 7Un(AN—k) X Mn],

where we denote the columns of the matrices M, Aby M;,i =1,...,n,A4;,j=1,2,...,N—

k and o; is understood componentwise, i = 1,...,n.

Proof. Note thatdet (M) = A? is the volume of (Ok, b1) [6] and similarly, det (M),) = Azp!
is the volume of (p, by).

The volume of the lattice generated by M¢ is
k 1 N-k
det (Iy ® D) det (I ® M) det (Iy_j, ® M,) = N(a)¥/2A% <A§pf) ,

which agrees with the volume N (a)¥/2A % pf/(N=k) of (p=1(C), ba).

Define ¢ : o(z) — = € Ok to be the inverse of the embedding

o= (o1(a)or,...,\/on(a)oy,) : O — R™.

Then it suffices to prove that

pfl(C') 2 {Y(xM¢) : x € Z"N},
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or

For j = 1,2,...,N, let u; = (uj1,...,uj,) € Z". Then ¢ € Z"V can be written as z =

uy,...,uyn). Letx; = > uj;v;, then the sth entry of u; M D,, is given b
J i=1Uj y j g y

Zuj'ias(vi)\/as(a) = \/as(a)as (Z u]‘wi> = os(a)os(z;).
i=1 i=1
Thus

oM  AoM
xMce = [ul,...,uN] (IN®DQ)

OnN—nk,nk IN—kMp

k k
= a(ml),...,a(xk),a Zaj1$j+x;€+1 sy O Zaj(N_k)xj+x'N R
j=1 j=1
where 2}, ..., zy arein the ideal p, then p(z]) = 0fori =k +1,...,7y. We have
p((xMc))

k k
/ /
= p(xl, e, Tk, E a;1%; + Thytyr-- s Zaj(N_k)xj + .’L‘N)
Jj=1 Jj=1
k

k

= (z1modp,...,zr mod p, Zajll"j + 4 modp, ..., Z%‘(N—k)l"j + 2y mod p)
j=1 j=1

= (z1modp,...,z; mod p)[ly Amodyp] e C.

Lemma 5.4. The Gram matrix Go = Mc M/, of (p=1(C), by) is

Tr (a(ly + AAT) @ My M) Tr (aA® M M,)))
Geo = N (5.5)
Tr (A ® MM, ) Tr (adn—k @ My M), )

where Tr = Trg g is taken componentwise and M, ; denotes the first column of the matrix

M,.

Proof. Let D, = D,D/ be the diagonal matrix with diagonal entries given by o1 (a),...,
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on(a). For Mc in (5.4), a direct computation gives

It ® MD M + (ASM)(In— ® Do) (ASM)T  (ASM)(In_ ® Do M,))
Cc = B _ -
(IN—1 ® MpDy)(ARM)T IN_k @ MpDo M,

Using that M; = 0;(M;), (1 <i < n), we have

(ABM)(Iy_r ® Do)(ABM)T = Tr (aAAT ® My M; )

L@ MD,MT = Tr (aIk © My M, )
thus showing that
Iy ® MDuM T + (ASM)(Iy_p ® Do)(ADM)T = Tr (a([k +AAT) @ My MY ) .

Similarly, let M, ; denote the ith column of M,,, then using o;(M, 1) = Mp; (1 <i < n), we
have

Iy ® M,D M, = Tr (aIN_k ® Mp,lMIIl) .
Moreover,

3 ATy —
(ASM)(In-k ® DM, ) =

_UI(Q)MZL 0 . 0 ]
oa(a)M), O . 0
or(an)Mi  oa(a1)Ms ... op(ar,N—i) My
‘ on()M,, 0 0
or(ar,1)My oa(ag2)Ms ... op(ar,N—k) My
0 0 ... ona(a)M,,
i 0 0 ... on(a)M}In

=01(A® aMlM[II) +o02(A® O‘MleIl) + Fop(A® O‘MleIl)
=Tr (€A ® M M,),),

O]

When K is a CM number field, n is even and all embeddings of K into C are complex

embeddings. Assume o, is the conjugate of o; fori =1,3,5,...,n — 1.
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Lemma 5.5. Let K be a CM number field of degree n. Then

Re(o1(v1)) Im(o2(v1)) Re(os(v1)) ... Re(op—1(vi)) Im(o,(v1))
M =2 5 : : : : (5.6)

Re (o1(vn)) Im(o2(vyn)) Re(os(vn)) ... Re(on—1(vy)) Im(on(vn))

is a generator matrix for the lattice (Og, b1) and det (M) = Az,

Proof. The Gram matrix for (Og,b1) is G = (Tr (vi7;))1<i j<n- Fori =1,2,...n,

(MMT) = 2 Y (Re(o(v)? + (Im (o5 (0:)* =2 Y |oj(w)?

j=1,3,...n—1 §j=1,3,...;n—1
= 2 Z aj(|vi|2) =Tr (|v1|2) =Gy
j=1,3,...,n—1

Fori,j=1,2,...,n,1# j,

(MMT); = 2 Y Re(os(vs) Re (05(v7)) + Im (0541(v3)) Im (0514 (v;))

s=1,3,....n—1
= 2 > Re(os(vi))Re(0s(v)) +Im (o5(v:)) Im (05(v)))
s=1,3,....n—1
= 2 Z Re (Us(vﬂ_}j)) =Tr (’Uﬂ_)j) = G“
s=1,3,....n—1
The determinant of M is then given by the volume of (O, b1). O
Define
Re(o1(w1)) Im(o2(w1)) Re(oz(wi1)) ... Re(op—i(w1)) Im(op(wr))
Mp _ \@ . .
Re (01(wy)) Im(o2(wn)) Re(os(wn)) ... Re(on—1(wp)) Im(on(wy))

(5.7)
Then similarly M, is a generator matrix for (p,b;) and has determinant A2 pl. As ais
totally positive, all o;(a) € R. Let D, be a diagonal matrix whose diagonal entries are

oi(a),i=1,...,n.

Proposition 5.6. Let K be a CM field with degree n and Galois group {o1,02,...,0,},
where 0,1 is the conjugate of o; (i = 1,3,...,n — 1). A generator matrix for (p~1(C), b,) is
given by

LeM  AGM

Mo = (In ® D,), (5.8)
OnN—nk,nk IN—k & Mp
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where M and M, are defined in (5.6) and (5.7) respectively. A is a matrix such that

[Ir (A mod p)] is a generator matrix of C' and

ABM = [Re (01(A1)) ® M; + Im (01(A;)) @ Ma, Re (01(A1)) ® My — Im (01 (A1) ® My,

Re (03(A1)) @ M3 + Im (03(A71)) ® My, Re (03(A1)) @ My — Im (03(A1)) @ Ms, ...,

Re (0-1(A1)) ® My_1 + Im (0n_1(A1)) ® My, Re (0_1(A1)) @ My, — Im (051 (A1) @ My_1,
s Re(0p-1(AN_£)) ® My—1 +Im (0,(An_g)) ® My,

Re (on-1(An—k)) ® My —Im (0p—1(AN—k)) @ Mp-1],

where we denote the columns of the matrices M, Aby M;, i =1,...,n,A4;,j=1,2,...,N—

k, Re and Im are understood componentwise.
Proof. The volume of the lattice generated by M¢ is

k 1 f N—k N/2
det (I, @ M) det (Iy_j, ® M) det (Iy ® Do) = A3 <A2p ) N(a)

= AT IN ()Y,

which agrees with the volume of (p~1(C), b,,).

Define ¢ : o(z) — x € Ok to be the inverse of the embedding

o =V2(y/o1(a)Re (01), /oo (a)Im (2) , ...,/ on_1(a)Re (0n_1), Von(a)Im (0,)) : O — R".

Then it suffices to prove

p71(C) 2 {bleMe) s @ € 7Y,

or

{p(v(@Mc)) : x € 2"} C C.

For j =1,2,...,N,letu; = (uj1,...,ujn) € Z". Then & € Z™" can be written as © =
J J J J

(u1,...,upn). Letz; = 3" | ujiv;, we have the tth entry of u;M D, is
V2 uRe (01(vi) Vor(a) = V2y/0i(@) Y Re (ou(ujivi)) = V2v/01(e)Re (04 (a;))
i=1 =1

for t odd, or v/2+/0¢(a)Im (04 (x;)) for t even. And the stthentry (1 <s < N —k,1 <t <n)
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of u;(ASM)(Iy_ @ Dy) (1 < j < k) is

V2 uji [Re (01(aj2)) Re (04(v1)) + Im (0(a;)) I (0141 (1)) v/a2(0)

i=1

= V2V01(2) Y Re(04(ajs)) Re (o4 (ujivi)) + Im (04 (ajs)) Tm (0741 (uji0;))

i=1

= V20, () ) Re(ov(ajoujivi) = V2y/or()Re (04(aj5) ;)
=1

for t odd, or v/21/0¢(a)Im (ot(ajs)z;) for t even.
Then

LoM  AGM
zMc = [w,...,up] (In ® Da)
OnN—nk,nk IN—k: & Mp

k k
= |:a(:n1), oo o(xg), 0 (Z a1, +33;¢+1) ey O (Z Aj(N—k)T; +x'N)] ,

Jj=1 Jj=1

where 2 _ ,...,2y are in the ideal p, and hence p(xj) = 0 fori = k +1,..., N. Then we
have
p(h(xMc))
k k
= p(z1,..., Tk, Zajlxj + Tyt s Zaj(ka)CUj +2y)
j=1 j=1

k k
= (x1modp,...,z, mod p, Zaﬂa}j + ZL‘;C_H mod p, ..., Zaj(N—k;)ij + 2’y mod p)
j=1 j=1
= (z1modp,...,zr mod p)[lx Amodp] e C.

Remark 5.7.

1. Let v = [v1,v2,...,v,] ", then

ABM = V2[Re(01(A; ®v)),Im (02(A; @ v)),

..., Re(op—1(A1 ®@0)),Im (0,,(A1 ®v)),...,Im (0, (AN_ @ V))].

2. When p is totally ramified, the entries of A mod p are in F,, and hence AéM =A® M.
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Proposition 5.8. The Gram matrix Go = Mc M/, of (p~1(C), by is

Tr (a(I + AAT) @ vv')  Tr (@A ® (vw'))
Geo = (5.9)
Tr (@A” @ (v ')) Tr (el y—f @ ww')

where Tr = Trg g is taken componentwise and w = [wy,wa, ..., wn]T. vt = o7, is the

conjugate transpose of v. Similarly AT = AT, wf =&

Proof. Let D, = DaD;— be the diagonal matrix with diagonal entries given by o1 (), ...,

on(a@). For Mc in (5.8), a direct computation gives

Ih ® MDuMT + (ASM)(In_t ® Do) (ASM)T  (ASM)(Ix_4 ® DaM,))

c= . ~ -
(Ika & MpDa)(A(X)M)T In_1 ® ]\41,13041\4;;r
By Remark 5.7,
(AGM)(In—x ® Da)(ADM)T

= ( (ad; @) AT®’U )) +--+Tr ((aAN_k®v)(A}LV7k®UT))

= ( AlAJf ® vv > -+ Tr (OKAN—kARf,k ® 'v'vT)

- Tr (a AA] + -+ Ay Al ) @ mﬁ)

= Tr (aAAJr ® vv )
Furthermore,

I, @ MD M = Tr (odk ® va) ,and Iy ® MpDo M, = Tr (aIN_k ® wa) .
Hence
Iy © MDoMT + (ASM)(Iy_i ® Do)(ASM)T = Tr (a(Ik +AAN mﬂ) .
Next, it can be computed that
(In—i ® MyDo)(AGM)T = Tr (aAT ® (mﬁ))

which also gives

(ASM)(In_j, ® DM, ) = Tr (aA ® (va)) .
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So the Gram Matrix is given by (5.9). O

In Sections 5.2 and 5.4 we will consider particular cases when v = 1/p or 1/(2p) for K a
real quadratic field with p inert and K an imaginary quadratic field with p totally ramified.
As we are interested in constructions of modular lattices, which are integral lattices, the

following proposition justifies why we will focus on self-orthogonal codes in what follows.

Proposition 5.9. If C is not self-orthogonal, i.e., if C ¢ C*, then (p~1(C),b,) is not an

integral lattice for any a € p~! N Q when
1. K is totally real, or

2. K is a CM field and p is totally ramified.

Proof. Let {c1,¢c2,...,cx} be an s —basis for the linear code C. Let {c1, c2, . .., c;.} be a set
of elements in O% such that ¢; is a preimage of ¢;, 1 <14 < k. Notice thatfor1 <i <k, 1 <
Jj<n,

p(vjei) = p(vj)p(ei) = p(v;)é.

As p(vj) € F o, p(vje;) € C,ie., vje; € p~H(C) foralll < i < kand 1 < j < n. Since

i
cq C*, take c;, , ¢;, such that &, - &, # 0, i.e., ¢;, - ¢;, ¢ p. From {vy,...,v,}, take vj, such

that v;, ¢ p. Suppose
ba(vjcil,vjociz) =aoTr (Ujocil . EZ’QT)J‘) €7

forall 1 < j < n. As {vj}1<j<n forms a basis for Ok, {v;}1<j<n also forms a basis for O,
we have

aTr (vj,ci, - €,x) € ZVx € Ok.

By the definition of the codifferent D},
QUj,Ciy - Cjy € 'DI_(I = V;yCi; " Ciy € OéilfDI_(l NOkg = a’lOK Cp.

As vj, ¢ p, we have ¢;, - ¢;, € p. For K totally real, this is the same as ¢;, - ¢;, € p. For K
CM, as p is totally ramified, by the proof from [30], 5 = S mod p forall B € Ok. It goes as
follows:

As Ok /p = T, we can write § = ' + " with § € Z and 8" € p. Since p is the only
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prime above p, p = p and we have 3" € p. Thus

B=p+p"=p+p"=p modp=pmodp.

Then we can conclude ¢;, - ¢;, € p. For both cases, we get a contradiction with the choice
of ¢;, and c;,.
Thus we must have b, (vjc;,, vj,ci,) ¢ Z for at least one j (1 < j < n). Asvjc;,,vj,¢i, €

p~1(C) for all j, we can conclude that the lattice (p~1(C), b, ) is not integral. O

5.2 Modular Lattices from Totally Real Quadratic Fields

Let d be a positive square-free integer. Let K = Q(+/d) be a totally real quadratic field with

Galois group {01, 02} and discriminant A given by [42]:

d d=1mod4
4d d=2,3mod4

Assume p € Z is a prime which is inert in K, and consider the lattice (p~1(C), b,) where
Cis alinear (IV, k) code over F ..

Let « = 1/p when d = 1 mod 4 and let & = 1/(2p) when d = 2,3 mod 4. We will give
two proofs that if C is self-dual (i.e.,, C = C1), then the lattice (p~!(C), b,) is a d-modular
lattice.

By the discussion from Section 5.1, a generator matrix for (p~1(C), b,) is (see (5.4))

Lo M AQM
Mo=val| " (5.10)
Oon k2t IN—k ®@PM

where [I}, (A mod pOf)] is a generator matrix for C,

M = : (5.11)
o1(v) o2(v)

with {1,v} a Z—basis of Ok, and

1+2‘/E d=1mod4

Vid d=2,3mod4
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Also, the Gram matrix for (p~1(C), b, ) is given by (see (5.5))

Tr ((I +AAT) @ MiM") pTr (A® My M)
Go=a - : (5.12)
pTI'(A@MlMlT) I, @p>MM"

Note that since p is inert, M,, = pM.

Lemma 5.10. If C is self-orthogonal, then the lattice (p~1(C), b,) with « = 1/p when d =

1 mod 4 and a = 1/(2p) when d = 2, 3 mod 4 is integral.

Proof. An equivalent definition of integral lattice is that its Gram matrix has integral co-
efficients, which is the case: MM ' has integral coefficients, both A and I + AAT have
coefficients in O, thus Tr ((I + AA") ® My M,") and Tr (A ® M;M;") have integral coef-
ficients.

As C is self-orthogonal and [I; A mod (p)] is a generator matrix for C, I, + AAT

0mod (p) (Lemma 5.11). Hence (Iy+AAT )@ My M{" € (p)and Tr (I, + AAT) ® M1 M) €
pZ.
Finally, for the case d = 2,3 mod 4, any entry in a~1G¢ is an element of Q. Since

Ok = Z[Vd], forany z = a + bV/d € O, Tr (z) = 2a € 27Z. O
We can tell the duality properties of a linear code from its generator matrix [34]:

Lemma 5.11. Let C be a linear code over F,, let B be a generator matrix for C. A matrix
H € M(n_p)xn(Fy) is a parity check matrix for C' if and only if H B T=0.In particular,

1. if B = [I} A, then (—AT Iy_j) is a parity check matrix for C;

2. Cis self-dual iff I + AAT = 0.

Hence if C is self-dual and [I; (A mod pOk)] is a generator matrix of C, then
[(—AT mod pO) I;]is also a generator matrix of C'and N — k = k.
We propose next two approaches to discuss the modularity of lattices obtained via the

above method.
5.2.1 Approachl
We will use the knowledge of a generator matrix of the lattice.

Remark 5.12. Note that

1. If M is a generator matrix for (L,b), then M* := (M ")~! is a generator matrix for

(L*,b).
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2. (L,b) is d—modular if and only if %M is a generator matrix for (L*,b).
Here b denotes any positive symmetric bilinear form.
We get another generator matrix for (p=1(C), by ):

Proposition 5.13. If C is self-dual, another generator matrix of (p~1(C), b,) is

—ATQM I, M
ML = a (5.13)
Ik @ pM Ogg 2,

with M asin (5.11), A such that [I;; (A mod pOf)| is a generator matrix of C.

Proof. Let b;; denote the entries of —AT. Keep the same notations as in the proof of Propo-
sition 5.3. Define ¢ : o(z) — = € Ok to be the inverse of the embedding o = (\/o1()0o1,

oa(a)og) : O < R% Forj = 1,2,..., N, let uj = (uj1,uj2) € Z2. Then = € Z?N can
be written as * = (u1,...,un). Let x; = uj; + ujov for 1 < j < N. Using the formula for
Schur complement, we can check that this matrix has the right determinant. We are left to

show that lattice points are indeed mapped to codewords in C by p, i.e.
{p(p(@Mc)) s @ € 2V} € C,
By a similar argument as in Proposition 5.3, we have

—ATQM I, M
$MC = [ul,...,uk,...,uN]\/a
Iy @ pM Og 2k

= Zbﬂwxl Zbgkrka o(x1),. ..oz,

where z, ..., 2} are in the ideal (p). Since z reduces to zero mod (p), we have

k
o> bpay+ah)),..., (Y(o(x1)),..),
j=1
and py(x) is indeed a codeword of C:

k
pv(x) = (Z bj1z; + ) mod(p),...,z1 mod(p),...)
j=1
= (z1mod(p),...,zx mod(p)) - [~A" mod(p) Iy]
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To continue, we need the following lemma, which can be proved by direct computation

(see Remark 5.12):

Lemma 5.14. 1. For d = 1 mod 4, (Ok,b;) is d—modular, i.e. %M = UM™* for some
integral matrix U with determinant +1.

2. For d = 2,3 mod 4, define

o 1M 1 1 1
-1 = —= = — .
By V2 V2 Nz

Then Mm2—1 is a generator matrix for (O, 3b1) and (Ok, 3b1) is d—modular, i.e. ﬁMmz_l =

UM %,1 for some integral matrix U with determinant +1.
2

Proposition 5.15. Let C be a self-dual code. The lattice (p~1(C), by ) is d-modular.

Proof. Case 1: d = 1 mod 4. By Remark 5.12, a generator matrix for the dual of p~1(C)
with respect to the bilinear form (x,y) — 119 Zf\il Tr (z;y;) is (MJ)~!, where Mc is given

in (5.10). This can be computed using Schur complement:

f Ik®M* 0

p -
— 3 (I @ M*)(ASM) T (I @ M*) 1), © M*
1 I, @ pM™ 0

VP | (I © M*)(ASM)T (I © M*) I © M*

9

By a change of basis, we get another generator matrix for the dual as

1 |~ @ M)(AM)T (I, @ M*) I @ M*

VP I, @ pM™ 0

By Lemma 5.14, we get the following generator matrix (note that I ® (UM*) = (I®U)(I®
M)
1 | =Vd(Iy @ M) (ASM)T (I, @ M*) I, @ M
Vdp I, @ pM 0
By Proposition 5.13,
1 |-ATeM I,oM

VP | ,opM 0

can be seen to be another generator matrix, it suffices now to prove Vd(Ij, ® M*)(A@M)T
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(I, ® M*) = AT®@M, which is equivalent to

(I, @ M)(AM) T (I, @ M*) = AT@M
— (LLyoM)(AM)T = (ATeM)(I, @ M)
— (AM) (I, @ M) = (I ® M)(AToM)T

— Tr(AeMM) =T, M) (A @M)"

which can be checked by direct computations.
Case 1: d = 2,3 mod 4. Similarly, a generator matrix for the dual of p~!(C') with respect to

the bilinear form (x,y) — i SOV T (@) s (M/)~. Using Schur complement:

Iy @ M7, 0
Yz i
1 * SM)T * 1 *
ﬁp(Ik ® Mﬂp;l)(A@M) (I ® M‘B?) pIk X M‘Bgl

\/ﬁ 1 * I~ T * *
\/ﬁ(lk®M&]3;1)(A®M) (Ik®Mm;1) Ik®Mm;1

By a change of basis and Lemma 5.14, we get another generator matrix for the dual as

1 * s T * *
L ﬂ(Ik®M‘)’3§1)(A®M) (Ik®Mq3;1) Ik@M‘l?El
VP Iy @ pM* _, 0
A
o —\/g(lk®M%;1)(A®M)T(Ik®M$;1) I ® My
Vdp

I ® pM, ;! 0
By Proposition 5.13,

1 |-ATeM Lo M

V2p Ik®pM 0

can be seen to be another generator matrix, it suffices now to prove

V(I ® M) (ASM) T (I @ My_1) = ATOM,
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which is equivalent to

(In © My_1)(ASM) T (I ® My ) = ATeoM

= (® Mmgl)(AéM)T = (ATM) (I}, ® M;,l)
2
= (AM) (I} ® M;,l) =(I; ® Mmgl)(A%M)T
2
= (AM) Ly @ M) = (I ® M)(AToM)T
=  Tr(AMM) = (I,® M)(AT@M)",
which can be checked by direct computations. O

5.2.2 Approach Il

In this subsection, let C' C IFI])\Q be a linear code not necessarily having a generator matrix in
the standard form. We consider the lattice (p~1(C), b,), where a = 1/p if d = 1 mod 4 and
a =1/(2p) if d = 2,3 mod 4. Thus b, is the following bilinear form (see (5.2)):

1 N —

=N Ty (s, d=1mod4

bl y) = § 7o ) .

% Zf\il Tr (z;y;) d=2,3mod4

Then the dual of p~1(C) is given by (p~1(C)*, bs), where p~1(C)* := {x € KV : by(z,y) €
ZVy € p~1(C)}. We have the following relation between the dual of p~1(C) and the lattice

constructed from the dual of C:
Lemma 5.16. p~1(C+) C p~1(O)*.

Proof. Takeany x € p~1(C+) and y € p~1(C), we have

=1 =
= p(@) p(y) =0€Fp,

N N
plx-y) = p <Z xz%) = ZP(%’)P(%)
i=1

where the last equality follows from the definition of C' L (see (5.3)). Then

N
Zwiyi =z -y = 0mod (p).
=1
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Since p is inert, oo (Zf\il gciyz-) € (p), we have

(Z :Ey) )NZ = pZ.

In the case d = 2,3 mod 4, any element in O has even trace. In conclusion, we have
ba(x,y) € Z and hence p~1(C+) C p~1(C)* by definition. O
Corollary 5.17. Let C be a self-orthogonal linear code, then p~1(C) is integral.

Proof. As C is self-orthogonal, we have C' C C. Hence by Lemma 5.16 p~1(C) C p~1(C+)

Cp (O~ 0

By Lemma 5.1 the discriminant of p~1(C) is

pQLN(ANp‘““) = AN d=1mod4

(ANp*) = (3" d=2,3mod 4

(2p)2N
We have
Proposition 5.18. p~!(C) is d—modular.

Proof. We first prove %p‘l(C’) = p~}(CO)* as Z—modules.
Take any x € %p_l(C’), x = %x’ with 2’ € p~1(C). Take any y € p~(O).

Case 1 For d = 1 mod 4,

ZTr (ziy;) = ZTr( y>

Since z} € Ok, fx GD . We have

Tr <\}3xyz>eZ:>Tr<Zf Zyi> A

By the same argument as in the proof of Lemma 5.16, we have YV a/y; € (p), so
N 1
Zz 1 \/E zyl € pD
Since a2(p) = p, 72(Dy') = D', Tr (ZZ 1 \/3 Y ) € pDy'. We have Tr (ZZ 1 \/3 Y ) €
pDi NZ.
Case 2 For d = 2,3 mod 4,
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Since z}, € Ok, 2\[l‘ € Dy !, We have

N
1 1
Tr $;i>EZ:>T1” 71‘22 €.

Similarly we have SV | #y; € (p), so SN, 2%/31:;3/1 € pDy'

Since o3(p) = p, O'Q(DI_(I) = Dl_(l, Tr (Zf\il %ﬂx;yl) € pDI_(l. Hence we have
Tr (ZZ 1 2@%%) € pDE' NZ.

By definition of different, O C D;(l, so pOk C pD[}l, we have pD;(l NZ 2 OxNZ = pZ,
which gives pD;{1 N7 = 7Z or pZ. But le}l NZ = Z implies (p)| Dk, which is impossible as
p is inert. We have pD_1 NZ = pZ and hence b, (x,y) € Z.

We have proved \[p 1) Cp (o).

On the other hand,
vol( 0™ (C)) = vl (C) 7€)/ 07 (C)| = V¥ (1)” gy
\/a \/8 \/E )
and [22]
wol(pH(O)) = —— = L _ ¥

Thus we have p~}(C)* =

d-ba(h(z),h(y)) = d-Tr

The proof is completed. O
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5.3 Interesting Lattices from Totally Real Quadratic Fields

The previous section gave generic methods to construct modular lattices, out of which we
now would like to find lattices with good properties in terms of minimal norm or secrecy
gain. The following definitions hold for integral lattices. Let thus (L, b) be an integral lattice
with generator matrix M. We further assume that the lattice is embedded in R", and that
b is the natural inner product. We will then denote the lattice by L for short. We recall some

discussions from Section 2.2.

Definition 5.19. [19, 22] The minimum, or minimal norm, of L in R", is
pr = min{||z||* : ¢ € L}, (5.14)

which is the length of the shortest nonzero vector.

One motivation to consider the shortest nonzero vector comes from the sphere packing
problem [19], which requires large minimum. Recall from Definition 2.11 that the upper
bound on minimum has been established for a d—modular lattice which satisfies certain
conditions. And a d—modular lattice that fulfills those conditions as well as achieves the

corresponding upper bound on its minimum is called extremal.

Definition 5.20. [19, Chapter 2] Let H = {7 € C : Im () > 0}. For 7 € H let ¢ = ¢™". The

theta series of the lattice L is the function

OL(r) = Z gl=I” = Z Amg™, (5.15)
xcl mGZZO
where the second equality holds because we took L to be integral and A4,, = [{x : = €

L, [lz]* = m}|.

The coefficient of ¢ in the second term of O is called the kissing number of L, and the
power of ¢ in the second term gives its minimum. The theta series helps in determining
bounds for the minimum [51] as well as classifying lattices [10]. It has also been used

recently to define the notion of secrecy gain.

Definition 5.21. Let L be an n—dimensional lattice. The secrecy function of L is given by

@ n (7_)
vol(L)Z™ .
= 7=,y > 0. 5.16

[1]

The secrecy gain x, is defined to be the maximum of the secrecy function w.r.t to y.
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The geometrical symmetry of a d—modular lattice generates a local maximum in its se-

crecy function at y = %, which is defined to be the weak secrecy gain:

Definition 5.22. Let L be an n—dimensional d—modular lattice. The weak secrecy gain of L,
denoted by xV, is given by [44]:

w Qg (7)

XL = @L(T) y T = (517)

=k

INK

noting that the volume of a d—modular lattice is vol(L) = d

The secrecy gain characterizes the amount of confusion that a wiretap lattice code brings
[44]. The weak secrecy gain x|V is conjectured to be the secrecy gain itself. This conjecture
is still open, but for large classes of unimodular lattices, it is known to be true [23, 47].
This motivates the study of the relationship between d and x ' for d—modular lattices [32,
33]. Up to now, no clear conclusion has been drawn. We will construct some examples of
d—modular lattices in Section 5.3 to gain more information regarding this problem.

Consider the 2N —dimensional d—modular lattice (p~1(C), b,) with

b, y) = ; YL Tr(zy;)  d=1mod4
i SN Tr (2y:) d =2,3mod 4

obtained from a self-dual code C C IFZ])\Q, where p a prime inert in K = Q(v/d), for d a
square-free positive integer. A generator matrix M¢ is given by (5.10).

We thus consider next the following properties of those d—modular lattices:

e whether the lattice constructed is even or odd; recall that an integral lattice (L, b) is
called even if b(x, z) € 2Z for all z € L and odd otherwise.

e the minimum of the lattice;

o the theta series and secrecy gain of the lattice.

5.3.1 Even/Odd Lattices and Minimum

We will give general results for the first two properties in this subsection. By observing the

Gram matrices, we have the following results

Proposition 5.23. The lattice (p~1(C), b,) is even if and only if d = 5 mod 8, p = 2 and the

diagonal entries of I + AAT are elements from (4).
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Proof. Case 1: d = 2,3 mod 4, 2 is always ramified, so p is an odd prime. And we have

T 1 1 1 1++d 2 2

1+vd 1—+d| |1 1-+d 2 242

The lower right corner of the Gram matrix is given by

1 2 2 D D
§Ik Xp = [k X
2 2+2d p p(l1+d)
Hence the lattice is odd.

Case 2: d = 1 mod 4 and p is an odd prime

I

s
[\
—=

1 1 1
MM'" =
+Vd  1-Vd| |4
2 2

—
N
N
—_
Q
+
—_

The lower right corner of the Gram matrix is given by

2 1 2p P
I, ®p =1 ® Lid
1 d42r1 D p(g)

Hence the lattice is odd.

Case 3: Whend = 1mod4and p =2, O = Z[1+2‘/E]. The minimum polynomial of #

is f(z) = 2% — z + 17%. We have

2>’ —z=x(r—1)mod2 d=1modS§
flz) =
z? — x4 1 mod 2 d =5 mod 8

So 2 is inert only when d = 5 mod 8. In this case, the right lower corner of the Gram Matrix

is

2 1 4 2
. ®2 =1, ® ,
1 4 2 d+1
which has even diagonal entries.
Furthermore,
1 1 1+vd
1+vd 2 1+Vd  1+d+2Vd
2 2 4
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The left upper corner of the Gram Matrix is

S

1 1+

1

“Tr((T+ AAY @ MM, ) = Tr | (I + AAT 2 4

. r(( +AAT) ® My 1) fIraahe| * ot
4 8

Let {ci,...,c;} be the rows of [I A mod (2)], i.e. they form a basis for C. Let {¢1, ..., ¢} de-
note the rows of [I A], ie. ¢ is a preimage of ¢;. Then the diagonal entries of
3T (I 4+ AAT) ® My M,") are given by Tr (3¢; - ¢;) and Tr (Wéi : éz> The lattice
is even iff Vi, Tr (¢ - &) , Tr (H42¥6; &) € 27 e,

1+d+2vd
+d+2vd, A>e4z. (5.18)

Tr ((A}L . él) ,TI“ <4Cl + Cj

Asd=1mod4,
1+Vd 1+d+2V/d d-1
2 4 4

shows {1, %M} is a Z—Dbasis for Ok. Then (5.18) is equivalent as ¢; - ¢; € 4D;{1. Since

¢ € Ok, ¢; - ¢; € Ok, the lattice is even iff
é; & € 4D N Ok = 40k

¢; - ¢; are exactly the diagonal entries of I + AAT and the proof is completed. O

Next we look at the minimum of some of those lattices.

Consider d = 2,3 mod 4. Let p be a prime such that (%) = —1, hence p is inert in Q(+/d)
and the finite field F,» = Fj(w), where w satisfies the polynomial 22 — d = 0 mod p. Let
CC IFI])VQ be a self-dual linear code. Then each codeword ¢ € C' can be written as s + tw for
some s,t € IE‘}],V . For each coordinate of ¢, we have ¢; = s; + t;w. Note that each ¢ € (’)%
with & = s; + t;Vd € O, where s; and t; are considered as integers, is a preimage of c.
Furthermore, we can assume s;,t; € {—%, p—g?’, .., —1,0,1,..., p%l} We have proved

that (p~1(C), by ) is an odd d—modular lattice of dimension 2N. Moreover, we have

Lemma 5.24. For d = 2,3 mod 4, the minimum of (p~1(C), b,) is given by

min{p, min ba(é,é)}

ceC\{0}

Proof. Take any ¢ € C, then any = € p~!(c) is of the form & = ¢& + py for some y € OF.
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Write y; = a; + b;V/d for a;,b; € Z. Then
zf = (ci +pyi)® = ((si + pas) + (t; + pbi) Vd)?, Tr (27) = 2(s; + pa;)® + 2(t; + pbs)*d.

Since a; € Z, s; € {— %, %, ...,—1,0,1,..., p%l}, the minimum value for (s; + pa;)? is
s7. Similarly, the minimum value for (¢; + pb;)? is t2.

For ¢ # 0, minimum value for Tr (2?) is 257 + 2¢?d and we have

N
1
mlnbma::— 2s+t2 TrA2—aé,é.
i o) = 5 32205 Z )
When e =0
N
Z Tr = pz:(al2 + b?d)
i=1

which has minimum value p (x # 0).

We have

in  by(x, ba in be(e,¢);p.
merprylric) (x,x) = rcrélél{xergun(c) (z,z)} = min {p ce%li?o} (¢ c)}

5.3.2 Construction of Existing Lattices

We present a construction from codes of some well known lattices.

Example 5.25. Take d = 5,p = 2, N = 4, C C F} with generator matrix [ A mod (2)] and

Amod (2) is given by

where w € Fy satisfies w? +w + 1 = 0. Taking 1+27\/5 to be the preimage of w, we have

AT 2v/d + 6 0
0 2V/d+6

By Proposition 5.23 L is an even 5-modular lattice of dimension 8. This lattice is actually

the unique 5-modular even lattice of dimension 8 and minimum 4 (Qg(1) in Table 1 of [51]).

Example 5.26. Taked = 6,p = 7, N = 4, C' C F3; with generator matrix [I A mod (7)] and
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Amod (7) is given by
24w 2-w

)

2—w —2—w

where w € Foj satisfies w? = 2. Then we get the unique 6-modular odd lattice of dimension

8 and minimum 3 (O(® in Table 1 of [51]).

Example 5.27. Take d = 3, p = 5, N = 6, linear code C' C F$; generated by [I A mod (5)]

and A mod (5)) is given by

w+1l 2w+2 2
2w+1 2 —w + 2

—w+3 w+1l 2w+1

We get the unique 3—modular odd lattice of dimension 12 and minimum 3 (O®) in Table 1

of [51]).

Example 5.28. Take d = 2, p = 5, N = 8, C C F5. with generator matrix [I A mod (5)].

A mod (5) is given by

2w+1 4dw+1 4dw+3 4w+ 3

w—+3 2 0 3w-+4
3w+ 3 0 2 4a+4
Jw+2 3w+2 3w+l 1

where w € Fyj satisfies w? = 2. Taking v/2 to be the preimage of w, we have the unique odd
2-modular lattice of dimension 16 with minimum 3 (Odd Barnes-Wall lattice O(?) in Table

1 of [51]).

Example 5.29. Take d = 5,p = 2, N = 6, C C F§ with generator matrix [ A mod (2)] and
A mod (2) is given by

w 1 w

0 w+1l wl,

w+1l w+1 1

where w € Fy satisfies w? +w + 1 = 0. Taking 1%6 to be the preimage of w, we have
(I + AAT);; = V5 +5 ¢ (4). By Proposition 5.23, we have an odd 5-modular lattice of
dimension 12. We computed that this lattice has minimum 4, kissing number 60. It is an

extremal 5-modular lattice in dimension 12 and it is isometric to the lattice L5(4, 6). in [41].
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5.3.3 Some Lattices with Large Minimum

7

We next present two lattices which, though not extremal, achieve a large minimum. “Large”
means close to the bound that extremal lattices achieve. We also compute their theta series,
so we can later on compute their weak secrecy gain. Evidence from unimodular lattices [32]

suggests that a large minimum induces a large weak secrecy gain.

Example 5.30. Taked =7, p = 5, N = 4, we get an odd 8—dimensional 7—modular lattice
which is rationally equivalent to the direct sum of 4 copies of C") with minimum 3 and
theta series 1 + 164> + 16¢* + O(q”). Note that the upper bound for the minimum of such

a modular lattice is 4 (see Definition 2.11).

Example 5.31. Take d = 6, N = 6, we can get three different 12—dimensional 6—modular
lattices with minimum 3. They are odd, rationally equivalent to direct sum of 6 copies
of C'©). But they are not strongly modular. To the best of our knowledge, they are new

lattices. Their theta series are as follows:

1+ 4¢® + 36¢* + O(¢°)
1+ 12¢% 4+ 40¢* + O(¢%)

1+ 164> + 36¢* + O(¢%).

5.3.4 Modular Lattices and their Weak Secrecy Gain

We are now interested in the relationship between the level d and the weak secrecy gain
XEV (see Definition 5.22). We list the weak secrecy gain of some lattices we have constructed
for dimensions 8 (Table 5.1), 12 (Table 5.2) and 16 (Table 5.3). In the tables, each row corre-
sponds to a lattice L

e labeled by "No.’;

e in dimension ‘Dim’;

e of level d (i.e., L is d—modular);

e with minimum g, (the norm of the shortest vector, see Definition 5.19);

e kissing number ‘ks’ (the number of lattice points with minimal norm);

e obtains weak secrecy gain X} (see Definition 5.22).

Then in the last column we give the first 10 coefficients of its theta series ©, (see Defini-

tion 5.20).

Remark 5.32. From the tables we have the following observations:
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Table 5.1: Weak Secrecy Gain-Dimension 8

No. | Dim d | pr | ks v Or

1 8| 3] 2 8 12077 |1 0 8 64 120 192 424 576 920 1600

2 81 5] 2 8 | 10020 |1 0 8 16 24 96 128 208 408 480

3 8| 5| 4 |120 129720 |1 0 0 0 120 0 240 0 600 0

4 8| 6] 3 16 | 11753 |1 0 0 16 24 48 128 144 216 400

5 81 7] 2 8 | 08838 |1 0 8 0 24 64 32 128 120 192

6 8 71 3 16 | 11048 |1 0 0 16 16 16 80 128 224 288

7 8|11 | 3 8 1.0015 |1 0 0 8 8 8 24 48 72 88

8 8114 | 2 8 | 05331 0 8 0 24 0 32 8 24 64

9 8|14 | 3 8 09216 |1 0 0 8 0 8 32 0 48 80

10 8|15 | 3 8 10869 |1 0 0 8 0 8 24 0 64 32

11 8115 | 4 8 | 10840 (1 0 0 O 8 16 0 16 32 64

12 8123 3 8 06847 |1 0 0 8 0 0 24 0 8 40

13 8123 ] 5 16 | 10396 |1 0 0 O 0 16 0 0 16 0

14 8123 ] 5 8 | 11394 |1 0 0 O 0 8 0 8 24 24

Table 5.2: Weak Secrecy Gain-Dimension 12

No. [ Dim | d [ pz [ ks N4 oL
15 12 3| 1 |12 | 04692 | 1 12 60 172 396 1032 2524 4704 8364 17164
16 12 3] 1 4 108342 |1 4 28 100 332 984 2236 5024 9772 16516
17 12 3| 1 4 10938 |1 4 12 100 428 984 2092 5024 9708 16516
18 12| 3| 2 | 2412012 |1 0 24 64 228 960 2200 5184 10524 16192
19 12| 3| 2 | 1213650 |1 0 12 64 300 960 2092 5184 10476 16192
20 12 3| 3 | 6415806 |1 0 0 64 372 960 1984 5184 10428 16192
21 12 5| 2 | 1210030 |1 0 12 24 60 240 400 984 2172 3440
22 12| 5| 4 | 60| 16048 |1 0 O 0 60 288 520 960 1980 3680
23 12 6| 1 | 12| 01820 |1 12 60 160 252 312 556 1104 1740 2796
24 12 6| 1 6 | 03845 | 1 6 20 58 132 236 460 936 1564 2478
25 12 6| 2 8 109797 |1 0 8 20 36 144 264 544 1244 2016
26 12| 6| 3 |16 1380 |1 0 0 16 36 9% 256 624 1308 = 2112
27 12 6| 3 | 1213974 |1 0 0 12 40 100 244 668 1284 2076
28 12 6| 3 |12 |15044 |1 0 O 4 36 132 256 660 1308 1980
29 12 711 11201452 |1 12 60 160 252 312 544 972 1164 1596
30 12 711 4 | 04645 |1 4 12 32 60 168 416 580 876 1684
31 12 711 4 105806 |1 4 4 16 84 152 208 580 1268 1908
32 12 712 112107584 |1 0 12 16 36 144 112 384 852 1056
33 12 71 2 8 10879 |1 0 8 16 28 112 160 384 772 1152
34 12 71 3 4 1402311 0 O 4 36 84 64 384 972 1368
35 12 |11 ] 1 8 | 01765 | 1 8 24 36 60 180 356 424 612 1204
36 12 |11 ] 1 4 102173 |1 4 16 48 8 152 204 144 316 772
37 12 (11| 3 |12 ]|10726 |1 0 0 12 0 12 108 72 108 436
38 12 | 14| 1 8 | 01331 | 1 8 24 36 56 148 264 320 544 912
39 12 |14 | 1 4 101534 |1 4 16 48 8 152 204 144 280 628
40 12 (14| 3 |12 |09134 |1 0 0 12 0 0 72 48 72 256
41 12 |15 ] 1 8 | 01313 | 1 8 24 32 32 112 292 352 328 744
42 12 |15 | 1 4 10389 |1 4 4 0 12 56 96 80 132 388
43 12 15| 1 2 [ 04661 |1 2 0 10 32 30 44 96 128 186
44 12 | 15| 2 6 | 05455 |1 0 6 8 4 42 46 74 136 154
45 12 | 15| 2 6 109217 |1 0 2 2 4 24 20 46 100 154
46 12 | 15| 3 4 (1003111 0 O 4 8 18 28 36 64 104
47 12 | 15| 4 4 1357311 0 O 0 4 10 12 48 72 108
48 12 |15 ] 5 4 | 15265 |1 0 O 0 0 4 12 44 108 112
49 12123 | 1 8 100698 |1 8 24 36 56 144 228 192 316 652
50 12 123 | 1 4 100735 |1 4 16 48 8 152 204 144 280 628
51 12 (23| 3 | 1205690 |1 0 0 12 0 0 60 0 0 172
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Table 5.3: Weak Secrecy Gain-Dimension 16

No. [ Dim [ d | pr | ks N4 oL

52 16| 3] 2 | 16 | 14585 |1 0 16 128 304 1408 6864 19584 47600 112768
53 16| 3] 2 | 12 [ 16669 |1 0 12 48 440 1808 6332 18864 47648 113968
54 16| 3| 2 8 | 17612 |1 0 8 48 416 1808 6440 18864 48016 113968
55 16 3| 2 | 4 [1803]|1 0 4 64 360 1728 6676 19008 48448 113728
56 16| 5| 2 2 |17671 |1 0 2 4 72 216 884 2452 6432 14520
57 16| 5| 4 [ 240 [ 168221 0 0 0 240 0 480 0 15600 0
58 16| 5| 4 | 112192131 0 0 0 112 0 1248 2048 5872 16384
59 16| 5| 4 | 64 198551 0 0 0 64 192 864 2432 6448 14656
60 16 | 5| 4 | 48 [ 200791 0 0 0 48 256 736 2560 6640 14080
61 16| 6| 2 | 16 |088 |1 0 16 16 112 256 560 1792 2928 7616
62 16| 6| 3 | 18 | 15662 |1 0 0 18 44 122 392 1050 289 7126
63 16| 6| 3 8 | 17693 |1 0 0 8 32 124 376 1112 3000 7156
64 16| 6| 3 8 | 18272 |1 0 0 8 16 120 448 1128 2992 7176
65 16| 7] 3 |32 [1206|1 0 0 32 32 32 416 768 1216 3648
66 16| 7| 3 6 | 17604 |1 0 0 6 12 74 252 560 1536 3968
67 16| 7] 3 2 | 18381 |1 0 0 2 16 86 212 496 1556 4072
68 16 [ 11| 3 | 16 | 10985 |1 0 0 16 0 16 176 9% 192 1072
69 16 (11| 3 | 16 [ 11138 |1 0 0 16 0 12 164 100 240 1092
70 16 |14 | 3 | 16 | 08864 |1 0 0 16 0 0 128 64 9% 640
71 16 |14 | 3 | 16 | 08933 |1 0 0 16 0 0 124 52 100 676
72 16 | 15 | 4 6 | 15187 |1 0 0 0 6 10 22 54 78 182
73 16 | 15 | 4 4 [16192|1 0 0 0 4 4 34 40 74 182
74 16 (15| 4 | 4 [17660 |1 0 0 0 4 0 14 24 134 156
75 16 | 15 | 4 2 | 18018 |1 0 O 0 2 4 10 38 84 208
76 16 | 15 | 5 4 | 19146 |1 0 0 0 0 4 8 26 100 178
77 16 (15| 5 | 4 [19344 |1 0 0 0 0 4 4 36 74 170
78 16 |15 | 5 2 [18890 |1 0 0 0 0 2 16 42 70 160
79 16 [ 23| 3 | 16 | 047151 0 0 16 0 0 112 0 0 464
80 16 [ 23| 3 | 16 | 047201 0 0 16 0 0 112 0 0 460

1. When the dimension increases, the weak secrecy gain xV tends to increase, a behavior
which has been proved for unimodular lattices [32];

2. Fixing dimension and level d, a large minimum is more likely to induce a large X},
which is also consistent with the observations on unimodular lattices [32];

3. Fixing dimension, level d and minimum yy,, a smaller kissing number gives a larger
XEV (see e.g. rows 13,14; 15,16,17; 73-75). It was shown for unimodular lattices [32] that
when the dimension n is fixed, n < 23, the secrecy gain is totally determined by the kiss-
ing number, and the lattice with the best secrecy gain is the one with the smallest kissing
number;

4. Fixing dimension, minimum i, kissing number, a smaller level d gives a bigger y!V.
For example, in Table 5.4 we list some 16—dimensional lattices obtaining minimum 3 and
kissing number 16, with X%/ in descending order.

5. Lattices with high level d are more likely to have a large minimum, this is more ob-
vious when the dimension increases, and results in bigger x}V'. For example, see rows

13,14,48,76-78.

Some of those observations can be reasoned by calculating the value of x}: by (5.17) and
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Table 5.4: Weak Secrecy Gain-Dimension 16 and minimum 3

No. [ Dim | d | pz | ks 1% or

69 16 |11 | 3 |16 | 11138 |1 0 0 16 0 12 164 100 240 1092
68 16 |11 | 3 |16 | 10985 |1 0 0 16 0 16 176 96 192 1072
71 16 (14| 3 |16 108933 |1 0 0 16 0 0 124 52 100 676
70 16 (14| 3 |16 | 0884 |1 0 0 16 0 0 128 64 96 640
80 16 |23 | 3 |16 047201 0 0 16 0 0 112 0 0 460
79 16 |23 | 3 |16 |04715|1 0 0 16 0 0 112 0 0 464

(5.15), take T = ﬁ, the numerator of x}V is given by

{ 2 Va2
© 4 <J&> N L Y

we%zn wEZ"
W 2
= Y Vil _ 3 elel?,
xEL™ pISYAL

which is a constant. The denominator of X} is given by

i 2 4 2
o, () = l=)? _ im 2l
’ (ﬂ) 2=y

xel xel

Z T |l]? Z -=\"
g e\/g = Am e \/E ,

xel mMmeZL>q

where A,, is the number of vectors in L with norm m. Hence the denominator can be
viewed as a power seriesine Vi, which is less than 1. Then the following will be preferable
for achieving a large weak secrecy gain.

1. Large minimum, which determines the lowest power of ¢ Vi in the power series.

2. Small value of A4,,, i.e., small kissing number.

3. Small value of d, so that e_% is small.

However, from the three tables, the minimum seems to be more dominant than other
factors, and as we mentioned in Remark 5.32 point 5, large d can still be preferable for high

dimensions since it may result in large minima.

5.4 Imaginary Quadratic Field

Let d be a positive square-free integer. Let K = Q(v/—d) be an imaginary quadratic field
with Galois group {o1, 02}, where oy is the identity map and o3 : v/—d — —+/—d. The
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absolute value of the discriminant of K, denoted by A, is given by [42]:

4d d=1,2mod 4
d d=3mod4

Assume p € Z is a prime which is totally ramified in K and let p be the unique O —ideal
above p. Then Ok /p = F,.. Consider the lattice (p~!(C), b,) where C is a linear (N, k) code
over [f),.

Let « = 1/pwhen d = 3 mod 4 and let « = 1/(2p) when d = 1,2 mod 4. Similarly to
Section 5.2, we will give two proofs that if C is self-orthogonal (i.e., C C C%), then the
lattice (p~1(C), by) is integral and furthermore we will prove that for C self-dual and for d

a prime, we get unimodular lattices.

5.4.1 Approachl

By the discussion from Section 5.1, a generator matrix for (p~1(C), b, ) is (see (5.8))

LeM AsM
Mo=va| " (5.19)

OnN—nknk IN—r @ M),

where [I}, (A mod p)] is a generator matrix for C,

M= 3 1 0 By, Re (wi) —Im(w1) (5.20)
Re(v) —Im(v) Re (w2) —Im (w2)

with {1,v} a Z—basis of Ok, {w1,w2} a Z—basis of p and

HT\/Td d =3 mod 4
v = ) (5.21)
v—d d=1,2mod4

Its Gram matrix is (see (5.9))

(I+AAT) @ Tr (vol) A®Tr(vw')
Go=a , (5.22)
AT @ Tr ((.TJ’UT) In_p®Tr (wa)

where v = [1,v] T, w = [wy,ws] .

Lemma 5.33. If C is self-orthogonal, i.e. C C C*, then (p~1(C), b,) is an integral lattice.
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Proof. To prove (p~1(C), b,) is integral, it suffices to prove all entries of its Gram matrix G¢
in (5.22) has integral entries.

Take any = € p, as p is the only prime ideal above p, we have o3(z) € p and hence Tr (z) €
pNZ = pZ. As vw', @v", ww' all have entries in p, vA ® Tr (vw*) JaAT @ Tr ((D’UT)
and aly_; ® Tr (wa) all have entries in Z. Furthermore, by Lemma 5.11, as C is self-
orthogonal, I}, + AAT mod p = 0 mod p and hence I, + AAT has entries in pZ. We have
a(I + AAT) ® Tr (vv') has integral entries.

When d = 1,2 mod 4, Tr (x) is even for all z € Og. The proof is completed. O

Proposition 5.34. If C is self-dual and d = p is a prime, the lattice (p~1(C), b,) is unimod-

ular.

Proof. By Lemma 5.33, the lattice (p~1(C'), b, ) is integral. It suffices to prove it has discrim-

inant 1 [22]. By Lemma 5.1, (p~1(C), b, ) has discriminant

dVdV (d%))N d =3 mod 4
ANPEN ()N = N =1.
(“a)Va™ () d=1,2mod 4

5.4.2 Approach II

In this subsection, we consider C' C IE‘;,V a linear code not necessarily having a generator
matrix in the standard form. We will give another proof that the lattice (p~1(C),b,) is
integral, where & = 1/pif d = 3 mod 4 and o = 1/(2p) if d = 1,2 mod 4. Thus b, is the

following bilinear form (see (5.2)):

1 N — —

=N Ty (w49 d=1mod4
R .
izf\il Tr(z;y;) d = 2,3 mod4

Then the dual of (p=1(C),b,) is given by (p~1(C)*,b,), where p~1(C)* = {z € KV :
ba(,y) € ZVy € p~1(C)}. We have the following relation between the dual of (p~1(C), b,,)

and the lattice constructed from the dual of C:

Lemma 5.35. (p~1(C),bs) C (p~1(C)*, by).
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Proof. Takeany = € p~1(C+) and y € p~1(C), then

N N
plx-y) = p (Z %%) = ZP(%’)P(%)
i=1

=1 =
= p(x) - p(y) =0 €T,

which gives « - y = 0 mod p.
As p is totally ramified, by the same argument as in Proposition 5.9, 3 = 3 mod p for all

6 € Og. Then we can conclude
rT-y=x-ymodp =—x- -y € p.

As p is the only prime above p, we have oa(x - y) € p. Hence Tr (x - y) € pNZ = pZ and
N
bo(x,y) = Z Tr (az;y;) = Tr (ax - y) € apZ.

=1

In the case d = 2,3 mod 4, any element in O has even trace. In conclusion, we have

ba(x,y) € Z and hence p~1(C+) C p~1(C)* by definition. O
Corollary 5.36. Let C be a self-orthogonal linear code, then (p~1(C), b,) is integral.

Proof. As C is self-orthogonal, we have C' C C*. Hence by Lemma 5.35 p~1(C) C p~(C*)
Cp (O H

Example 5.37. Take d = 3, K = Q/—3, linear code C' C F} with generator matrix

1 0 21
01 2 2

(p~1(C), by) is a unimodular lattice of dimension 8 with minimum 2. Thus it is the unique

extremal 8 —dimensional unimodular lattice Fg [19].



Chapter 6

Lattices from LCD Codes

In this chapter we will use the generalized Construction A discussed in Chapter 5 to con-
struct another family of lattices from LCD codes. A linear code is said to have a comple-
mentary dual, or to be a linear complementary dual code (LCD) [38], if C' meets its dual
code C* trivially. Recall that given a linear code C of length n and dimension k, say over
the finite field F,, for ¢ a prime power, C*+ = {z € Fy, (x,¢) = > ;zici = 0 Ve € C}.
For example, the (3,2) binary parity check code is LCD: a generic codeword c is of the
form ¢ = (a1,a2,a1 + az), a;,az € Fy. Its dual C+ is the (3,1) repetition code, and
(¢,c) = 0 forx = (b,b,b), b € Fy. Clearly C = {(1,0,1),(0,1,1),(1,1,0),(0,0,0)} and
C+ =1{(0,0,0),(1,1,1)} intersect trivially, that is in the whole zero codeword.

LCD codes were introduced by Massey [38], where he proved that asymptotically good
LCD codes exist. Furthermore, he showed that LCD codes provide an optimum linear
coding solution for the two-user binary adder channel, and he studied the maximum-
likelihood decoding problem for LCD codes.

Recently, LCD codes have been proposed to provide counter-measures for side-channel
attacks [13]. Constructions of LCD codes over rings have also been provided in [20], to-
gether with a linear programming bound on the largest size of an LCD code of given length
and minimum distance.

The “continuous” equivalents of linear codes in coding theory are lattices. There are
in fact a wealth of connections between linear codes and lattices, in particular via the so-
called Constructions A,B,C,D,E [19]. Through these connections, the dual of a linear code
is related to that of its corresponding lattice. It is thus natural to wonder how the notion of
LCD codes would translate to lattices.

Related works include [55, Method 4], where binary Construction A is considered on

105
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the intersection of binary codes, and [46, Section 82F], where a formula that relates the
intersection of two lattices is given. It could be applied to intersect a lattice with its dual,
though this does not seem to give insight to our computations so far.

In this section, we attempt to mimic the definition of LCD codes to lattices and report
our basic observations in Section 6.1. It turns out that the notion of intersection between
a lattice L and its dual L* is much less natural than that of a linear code C' and its dual
C+. We identified a lattice Lg that belongs to this intersection. We then compute a few
lattices obtained from LCD codes via Construction A in Section 6.2. This as expected yields
non-integral lattices, and a few interesting examples are reported. Connections between
Construction A applied to the intersection of C and its dual and the lattice L g are discussed
in Section 6.3. This rises more generally the question of the lattices obtained as preimage of
the intersection of a code and its dual via Construction A, which is discussed in Section 6.4.

Finally we give some examples in Section 6.5.

6.1 Basic Observations

If C is a linear code with dual C*, then both are vector subspaces and thus they surely
must intersect in 0. It turns out that there are codes for which C and C intersect exactly in
0. A lattice and its dual both must contain 0 too, however, for lattices whose vectors have
rational inner products, and integer inner products in particular, it cannot be that only 0 is
in the intersection, as we will see next.

Let M be a generator matrix for a lattice L in R", with rows vy, ..., v,, meaning that the
lattice L is generated as integral linear combinations of v1,...,v,, and let G = MM T be

the corresponding Gram matrix. Hence

L={x=uM, ueZ",

and the i, j—entry of G is given by (v;, vj) = > VikVjik.

Let L* be the dual lattice of L, that is

L*={yeR", (y,x) € Z, Vx € L}.

It has generator matrix (M ")~! = (M~1)T.

Lemma 6.1. If the Gram matrix G of a lattice L has rational entries, then L N L* is a lattice
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of dimension n. It contains as sublattice the lattice Lg with generator matrix SM, where
S is a diagonal matrix with diagonal s, ..., s, and s; is the least common multiple of the

denominators of the entries of the ithrow of G,7 =1,...n.

Proof. Since the entries of G are rational numbers, let s be the least common multiple of all

the denominators of the entries of GG. Consider the vector

w = sv1 + Svy + -+ - + SvUn,

for which we have (w,v;) € Z Vi. This means w € L N L*.

Actually if we let s; be the least common multiple of the denominators of the entries of
row i of G and let w; = s;v;, then (w;,v;) = s;(vs,v;) € Z and w; € L N L*. The vectors
{w1, ..., wy,} are linearly independent over R, and generates a lattice Lg of dimension n,

which is a sublattice of L N L*, which is therefore also a lattice of dimension n. O

When the Gram matrix G has integral coefficients, then the lattice L is integral, which
is well known [19] to be equivalent to L C L*. In the above lemma, this corresponds to S

being the identity matrix, in which case Lg = Land LN L* = L.

Lemma 6.2. Consider the lattice Lg of the previous lemma, with generator matrix SM.

Then the index of Lg in L is | det(S)| and the index of Lg in L* is | det(S) det(G)].

Proof. Since the generator matrix of Lg is SM, we have a readily available expression for
the basis vectors of Lg as a function of that of L, and thus the index in L is | det(S)|. Then
notice that

SM = (SMMTY M)~ = (SG)(MT)~!

thus the index in L* is | det(S) det(G)|. O

6.2 Construction A from LCD Codes

We next look at lattices obtained from LCD codes via special cases of the generalized Con-
struction A as discussed in the beginning of Chapter 5 and Section 5.1. More precisely, let
K be a Galois number field of degree [K : Q] = n that is either totally real or a CM field.

Let Ok be the ring of integers of K and p a prime ideal in Ok. Then

Ok/p=F,,
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where p = pNZand f is the inertia degree of p. In this chapter we consider only two cases:
e K is totally real and p is either inert or totally ramified;
e K is a CM field and p is totally ramified.
Take NN a positive integer and consider the map

p:OF = IF]]D\}

(1,...,zn) +— (x1ymodp,...,zny mod p).
Define b to be the bilinear form
b: O% X (’)% =R, (z,y) — %ZfilTr(xigi),

where y; denotes the complex conjugate of y; if K is CM (and y; is understood to be y; if K
is totally real), i.e. we take av = %D as in (5.2).

If we take any C' C Fﬁc a linear code, then the pair (p~1(C),b) is a lattice, as shown in
Chapter 5. In this chapter, we will denote this lattice by I'c.

By Proposition 5.9 from Chapter 5 we know I'¢ is not an integral lattice. We are interested
in the intersection between a lattice and its dual, which means here, the intersection of I'¢
and I',. When a lattice is integral, some results are known to connect the lattice and its

dual. However we are looking at rational lattices here.

We start by noticing connections between I'c and I';.1..

Lemma 6.3. Let C C Fﬁ; be a linear code, then
F'eNTer =Teqoe-
Proof. Take z € OF, then
z€TeNToL <= p(zx) € Cand p(z) € C*.

Moreover,

p(z) €CNCH <=z cTonor.
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Example 6.4. If we consider the binary Construction A [19] for C the (3, 2) binary parity
check code discussed in the introduction of this chapter, we have for generator matrix M¢

and Gram matrix G¢ of I'¢ respectively

1 01 1 1/2 1

1

M = — 7C;' =
c=5(0 1 1. Go=112 1 1
0 0 2 1 1 2
For C*, the (3, 1) repetition code, we have

1 11 3/2 1 1

1
MCL:EOQO,GCL: 1 20
0 0 2 1 0 2

Finally, since C' NnC+=0,a generator matrix for I'co1 is /215 where I is the 3-dimensional
identity matrix.

Furthermore, the dual I'}, of I'c has Gram matrix

2 0 -1
0o 2 -1
~1 -1 3/2

The least common multiple of the denominators of the entries of row i (1 < i < 3) of G¢

are 2, 2,1, by Definition of Lg in Lemma 6.1, the lattice Lg for I'c has thus generator matrix

2 0 0[]1 01 1 01

1
— — 2
\/5020 0 1 1 0 1 1

0 0 1110 0 2 0 01

Notice that Lg = I' 1. This is no coincidence, as we will show in Section 6.3.

For K = Q(+/5), it is known that a generator matrix of I'¢ is given by

Ix @M AOM

c
Oon_2k 2k IN—k @ DM



110

with
1 1
M =
1+v5  1-/5
2 2

and A such that [I;;, (A mod pOfk)] is a generator matrix of C. Denoting the columns of
M (vesp. A) by M;, i = 1,2 (resp. A;, i = 1,...,N — k), we write AQM = [01(4;1) ®
My, Jg(Al) Mo, ..., UI(Aka) ® My, UQ(AN,]C) ®M2], for 01,09 the embeddings Of@(\/g),

applied componentwise.

Example 6.5. Consider K = Q(v/5). Take p = 2, a prime that is inert in K. Consider the

linear code with generator matrix (1 w), where F4y = Fa(w). Then I'c has generator matrix

1leM H5¢ M =55¢ M,
Me =
0 20 M

2 2 1+v5 1—-+5
1 |14+v5 1-v5 3++v5 3-5

V2| 0 4 4
0 0 2+2V6 2-2V5
and Gram matrix ) )
5/2 5/2 1 3
5/2 5 3 4
Geo =
1 3 4 2
3 4 26

We get a lattice with minimum 5/2, kissing number 8 and discriminant 25. The dual lattice

has minimum % and kissing number 8 with discriminant %

Using Q(+/5) and p = 2, other lattices can be found as listed in Table 6.1.

6.3 The Lattice I'¢ (.

In this section we focus on the case where K is totally real and p a prime inert in K.

Let oy,...,0, be the n real embeddings of K, {vy,...,v,} be a Z-basis for Ok, and set

o1(v1) og(v1) ... op(v1)

M= : S (6.1)

o1(vy) o2(vn) ... op(vn)
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A min(T'c) | K(T¢) | disc(T¢)

1+w  w 4

[ 1 14 w} 5/2 8 5

I+w 0 4

[ 0 14 w} 5/2 16 5

10 4

1 1] 2 4 5
110

110 2 4 50
101

Table 6.1: Examples of lattices I'c, obtained from Q(\/E), p = 2, C with generator matrix
(I, A] over Fy = Fo(w), and their minimum min(I'¢), kissing number K (I'c) and discrimi-
nant disc (I'¢).

By Proposition 5.3 and Lemma 5.4 from Chapter 5, a generator matrix for I'c is given by

1 | oM AQM
Mo =— ) (62)

VP OnN—nknk PIN—p @M

where M was defined in (6.1). A is a matrix such that [;; (A mod p)] is a generator matrix

of C. Denote the columns of M, Aby M;(i =1,2,...,n), A;(j =1,2,...,N — k), then
AéM = [0’1(141) ® Mq,..., O'n(Al) QR M,, ... 7Un(AN—k) ® M, Un(AN—k) X Mn},
here o;s are applied componentwise. Moreover, the Gram matrix for I'c is given by

o %Tr(([+AAT)®M1M1T) Tr (A® M M) (6.3)
T(AeMM) IvepMMT

We have
Proposition 6.6. I'c NIt =T'cqor and [T /Toqoe| = pk.

Proof. Firstly, if we take any y € I'1 and = € I'¢, then p(y) € C*, p(z) € C. We have

p(y-x) =p(y)-p(z) =0=y -z € (p)

and hence Tr (y - z) € pZ, and
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We just proved I'c. C I't,. By Lemma 6.3, we have I'no. € I'c NI';. Hence I'c NI #
I'choe if and only if there exists IV such that I'c NI, D IV D T'proi. Let A be the dis-
criminant of the number field K. From the generator matrices, we can tell that for a linear
code Cj of dimension ko, the lattice I'c,, has volume vol(I'¢,) = AT p”(N ~k)="%" Then the

quotient group ' /T ¢ner has order [19] vol (T oqeor ) Jvol (Tn) = ptN—nk

and I'}. /T onot
has order ANpnN=nk  Ag p is inert, we have p { A. Thus I'c. /T¢nco is the unique Sy-
low p—subgroup of I't,/Tcrcr [21]. Then I'V/T'¢qc1, as a p—subgroup of I't,/Tcqc, is

contained in I'c1 /T oot [21], which then implies IY C T'¢, a contradiction with our as-

sumption that T'cqcr C TV, O
Let Lg be the lattice as defined in Section 6.1 for I'¢, then
Proposition 6.7. Ls = 't

Proof. We know that Lg C I'o € I'c. It is enough to prove that

Tc/Toncr] = To/Lsl.

We just proved |T'¢/Tnes| = p™. If we examine G, as all entries in A, I, M are elements
from O, thus all the entries of Tr (A ® M M), Tr (A® ]\41]\41T)T and Iy_; @ pMM T are
integers.

Also, the entries of Tr (I + AAT) ® My M]") are integers. We claim that:

For each row of the matrix GC1 := Tr ((I + AAT) ® My M), there exists at least one
entry that is not divisible by p.

As there are exactly nk rows in GC1, the definition of Lg implies
Cc/Ls| = p™ = [T¢/Toneel.

proof of claim: Let {c; }1<;<i be the rows of [I A], then each p(c;) is a codeword in C. The
jthrowof I+ AAT is givenby [¢;j-c1, ¢j-¢2, ...cj ¢k, (1 < j < k). The ith row of M; M,
is given by [v;v1, viva, ...vivy], (1 <14 < n). Thus the first n entries of the ijth row of GC1

is given by
[Cj * ClVV1, Cj * C1VV2,...Cj clvivn}, (1 < ) < n, 1 §j < ]{3)

Suppose there is one row of GC1 that consists of only multiples of p, then there exists one
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¢, and one v;, such that

1
—Tr (¢j, - c1vivk) € ZV1 < k < n.
p

As {vi }1<k<n is @ Z—basis for Ok, this implies
1
—Tr (¢, - c1via) € ZVa € Ok.
p

Then we must have
1

Ecjo $C1v;, € D}l = Cj, - C1V;, € pDI_(l.

But ¢j,, c1,v, € Ok, we have ¢j, - civ, € (p). As C N c+ = {0}, plcj, -c1) # 0 =
cj, - ¢1 ¢ (p). This leaves us with the only option that v;, € (p). However, then this will
imply v v € (p). As p is inert, we have Tr (v;,vx) € pZ for all 1 < k < n. And hence
the discriminant of K, det (Tr (viv})),; ;<. is divisible by p, which contradicts with the

assumption that p is inert. This proves the claim. O

Example 6.8. The above result is not true in general. For example, if we take K = Q(1/5),

p = 5 is totally ramified in K. Consider the linear code C' C F? with generator matrix (1 1).

1 1
Take M = , the generator matrix for I'c can be obtained as in (6.2):
JERVGI EOVY
2 2
1@ M 1@ M
1
Mg = — 5 5
NAR Vb V5
VB+5  5-/5
2 2
1 1 1 1

1 [1+v5 1—-v5 1++v5 1-+/5
2V5 | 0 25 —25
0 0 5+v5 5—+5

and Gram matrix is given by

4/5 2/5 0 1
2/5 6/5 1 1
GC://
0 1 21
1 1 1 3
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This gives Lg with generator matrix

and Gram matrix

In this case Ly C I'crot-

cnct T

2 1
1 3
1 3
-2 -1

1 =2
3 -1
6 -2
-2 4

ol [ 1 1 1 ]
0l [1+v5 1-v5 146 1—-+/5
0 0 0 25 =25
| o 0 5+V5 5-V5
[ 10 10 10 0 |
5+5V5 5—5V5 5+5V5 5-5V5
0 0 2v/5 —2v/5
0 0 5+v5 5-V5
20 10 0 5]
G 10 30 5 5
0 5 21
5 5 1 3

The difference of behavior of Lg in that it is either I' o1 = I'c NI, or it is a sublattice

could be a first attempt at defining a “LCD lattice”. We next looking at the properties of

I'cnct as a modular lattice.

6.4 The Lattice I'o-: as a Modular Lattice

In the last section we proved if K is totally real and p is inert I'cr1 = Lg. In this section,

we will look at the relationship between I' ;. and its dual for a more general setting as

mentioned in Section 6.2:

e either K is totally real and p is either inert or totally ramified;
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e or K is a CM field and p is totally ramified.

Suppose [K : Q] = n. Let A denote the absolute value of the discriminant of K. As C N C+

is self-orthogonal, by the construction of the lattice I' 5,1, we have
Lemma 6.9. ' = (pV,b) is an integral lattice of dimension n.N.

We will use I'y to denote the lattice I'c1, with N indicating that the dimension is
nN. When N = 1, we have the ideal lattice (p,b), which has discriminant p~"N (p)?A =
p?f="A [5]. Recall that the discriminant of a lattice is the determinant of its Gram ma-

trix [19]. Thus
Lemma 6.10. 'y has discriminant p™V /= AN

An integral lattice L is said to be an /—modular lattice, for a positive integer /, if there
exists an integral matrix U with determinant &1 and a matrix B satisfying BB = I such

that VAUM*B = M, where M, M* are the generator matrices for L and L* respectively.

Proposition 6.11. If the lattice I'; is {—modular, then the lattices I'y are {—modular for all

N.

Proof. Let M, be a generator matrix for I'y, then

M, 0 0
0 M, 0
My,N =
o 0 ... M,
is a generator matrix for I'y. Moreover, M, := (MpT )~! is a generator matrix for the dual
of I'y, I'], and
My 0 ... 0
. |0 M 0
pN -
0 0
0 0 My

is a generator matrix for I'y,. If I'y is an /—modular lattice, then there exist U,, an integral

matrix with determinant +1, and B,,, a matrix satisfying BpoT = I,such that V¢ UpM, By =



116

M,. Let
U, 0 0]
U = 0 U.p 0
0 0 Up|
and
_Bp . -
By = %’ !
0 0 ... By
Then \/ZUp NM;NB,, N = M, . We can then conclude Iy is /—modular. O

By Lemma 6.10 and [49], if I'y is an /—modular lattice,
pNEFIAN = " e p2RA = 05 e A = 05 pn2

Proposition 6.12. If I'y; is an {—modular lattice, then p|¢. If furthermore p is inert, then

plIe.

Proof. By the above, we have A = 0zpn=2f If pisinert, f = nand p TA A= (zpn—in —
(Zp~". As A is an integer, we must have p?||/.

If p is totally ramified, f = 1 and A = ¢2 p"~2. Suppose (£, p) = 1. Recall that | N(Dg)| =
A, N(p) = p/ = p. Then we have p"~2||Dx. By [42], if p is tamely ramified, p"~!||Dx and

if p is widely ramified, p"|Dg. Thus p"~2||D is impossible. O

Now we consider the special case when ¢ = p.

By Proposition 6.12, we can assume p is totally ramified. If I' y is p—modular,

2 n—2 3n_9

A:pip =p2

and p is the only prime that ramifies in K.

Let s be the integer that D = p*, then
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Proposition 6.13. If p # 2 is tamely ramified, I'y is p—modular if and only if

Q(v/p) p=1mod4
Q(v/=p) p=3mod4

Proof. 1f p is tamely ramified, we have 37” —2=n-—1,ie,n = 2. Then K is a quadratic
number field with absolute value of discriminant equal to p, hence the conclusion.

Conversely, let p = 2,3 mod 4 and K = Q(,/p). ThenI'y = (p,b) = (/p,b) and I'] is
(p*,b), where [5]

pr=pDg'p ! =p%p lp T = Ok,
Consider the map

p:pt = P

x = +/pz,

then ¢ is a bijective Z—module homomorphism, and hence a Z— isomophism. Moreover,

b(p(x), 9 () = bly/Ba, v/By) = ;ﬂ (vBzy/BY) = pb(z, y).

Thus (p*, pb) = (p, b) as lattices and (p, b) is a p—modular lattice. By Proposition 6.11, the
lattices I' y are p—modular for all V.

Now let p = 1 mod 4 and K = Q(y/=p). ThenI'y = (p,b) = (v/—p, b) and the dual of I';
is (p*, b), where

pr=pDg'p ! =p%p lp T = Ok,

Then by the same argument as above I'; is p—modular.

By Proposition 6.11, the lattices I' y are p—modular for all V. O

6.5 Examples

As before, take K a totally real number field with p inert or totally ramified, or K a CM field

with p totally ramified. Let f be the inertia degree of p = pNZ. By [20], a linear code C over

a finite field is an LCD code if and only if its generator matrix G satisfies det (GG") # 0.
To construct the examples, we find some matrices A such that G = [I (A mod p)] satisfies

det (GGT) # 0.
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By Lemma 5.1 from Chapter 5, I'c has dimension n.N, discriminant AN p2f(N=k)=nN_ By
Lemma 6.10 and Lemma 6.9, I' 1 is an integral lattice with dimension n/V and discrimi-

nant ANp2fN-—nN

6.5.1 Extremal 3—modular Lattices

We first give two constructions that result in extremal 3—modular lattices. From Defini-
tion 2.11, a 6— or 8—dimensional even 3—modular lattice is extremal if its minimum is

equal to 2. For the construction, we made use of Proposition 6.13:

Example 6.14. 1. Let K = Q(v/=3),p =3, k=2, N =3, A= (01)". Then I'¢ has
discriminant 37!, minimum % and kissing number 6. I'o~-1 is a 6—dimensional extremal
3-modular even lattice with discriminant 33, minimum 2 and kissing number 18.

2. Let K =Q(v/-3),p=3, k=1, N=4, A= (111)". Then I'c has discriminant 32,
minimum 2 and kissing number 24. I' -1 is a 8—dimensional extremal 3-modular even

lattice with discriminant 3%, minimum 2 and kissing number 24.

6.5.2 K Totally Real Quadratic Number Field, p Inert

When K = Q(v/d), (d > 0) is a totally real quadratic field and p an inert prime in K,
Ok/(p) = Fpe. f =2,n = 2, hence I'¢ has discriminant AVp?N =4 T’ . has discriminant
ANp?N  Both lattices have dimension 2N .

In Table 6.2 we list some examples of lattices I with discriminant disc (I'c') minimum
min(I'¢) kissing number K(I'c) and the corresponding lattice I' o1 with discriminant
disc (I'cner ) minimum min(I' o1 ) kissing number K (I'cqo1 ). Where w is such that F2 =

Fp(w).

Dim | d | p A disc (T'¢) | min(T'c) | K(T'e) | disc(Tener) | min(Toqer) | KT gneL)
4 5 2 (0) 57 1 2 57 .21 4 4
4 715 (4) 282 4/5 2 282 . 5* 10 4
4 | 2112 (0) 212 1 2 21%.24 4 4
6 5 ]2 (11) 55 .27 3 8 55 .20 4 6
6 315 2n’ 12%.572 4/5 2 12% .55 10 6
6 715 (11) 28% . 52 6/5 2 283 . 56 10 6

1+w 0 4 4 o8
8 5 |2 [ 0 1+ w} 5 5/2 16 5.2 4 8
w dw+2 4 4 8
8 315 Lu+3 w+2] 12 18/5 2 12*.5 4 8
1 1 0]
12 5|2 110 56 2 4 56. 212 4 12
1 0 1]

Table 6.2: Examples of lattices I'c and T'1 obtained from Q(v/d), p inert and C' with
generator matrix [I; A].
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6.5.3 K Totally Real Quadratic Field, p Totally Ramified

When K = Q(Vd), (d > 0) is a totally real quadratic field and p totally ramified in K,
Ok/p 2 F,. f =1,n = 2, hence I'¢ has discriminant A¥p=2*. T, has discriminant
AN, Both lattices have dimension 2/NV.

Recall that p is totally ramified in K if and only if p|d or p = 2 and d = 2, 3 mod 4.

We consider p # 2, as n = 2, p is tamely ramified. By Proposition 6.13, I'cnc1 is a
p—modular lattice if and only if p = 1 mod 4 and d = p. Examples for I' o1 not a modular
lattice can be found in Table 6.3. And in Table 6.4 we list some examples where I' 1 are

5—modular lattices.

Dim | d | p A disc (T'¢) | min(T'¢) | K(Te) | disc(Tener) | min(Teqor) | K(Cened)
6 3 3] (o7 26371 2/3 2 123 2 6
0 | 7|7 @111 | 2.7 10/7 2 285 2 10
11
12 |11 | 11 [1 1] 2121172 4/11 12 212. 116 2 12
11

Table 6.3: Examples of lattices T'c and T'c~-. obtained from Q(+/d), p ramified and C with
generator matrix [I; A].

Dim A disc(T¢) | min(T'¢) | K(T¢) | disc Toner) | min(Coner) | K(Tonet)

6 (11) 5 6/5 2 53 2 6
11

10 11 571 4/5 6 5° 2 10
11
111

12 1 0 1 1 4/5 2 59 2 12
11 1

Table 6.4: Examples of lattices I'c and I',. obtained from Q(v/5), p = 5 and C with
generator matrix [I}, A] such thatI' o1 is a 5—modular lattice.

6.5.4 K Imaginary Quadratic Number Field, p Totally Ramified

When K = Q(V/d), (d < 0) is an imaginary quadratic field and p totally ramified in K,
Ok /p 2 F,. f = 1,n = 2, hence I'c has discriminant ANp=2¥, I" . has discriminant AN
and both lattices have dimension 2N .

We consider p # 2, as n = 2, p is tamely ramified. By Proposition 6.13, I'o1 is a
p—modular lattice if and only if p = 3 mod 4 and d = —p. Examples for I'~o1 not a
modular lattice can be found in Table 6.5, where we take the number field K = Q(y/—5)

and p = 5. And in Table 6.6 we list some examples where I' 1 are 3—modular lattices.
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Dim A disc (T'c) | min(T'c) | K(T¢) | disc(Tener) | min(Ceqer) | KT gneL)
6 (11) 2°.5 6/5 2057 2 6
8 (11) 28 6/5 28 . 54 2 8
[1 1 1]
12 11 2 212 4/5 212. 55 2 12
1 1 1]
11 1]
11 2
16 11 1 216. 572 4/5 12 216 . 58 2 16
11 1
1 1 1]

Table 6.5: Examples of lattices I'c and I' o1 obtained from Q(v/—5), p = 5 and C with
generator matrix [I; A].

Dim A disc (T¢) | min(T¢) | K(T¢) | discToner) | min(Coqor) | KT onet)
1 1 1 ) o
12 [o 1o 3 2 90 3 2 36
1 1 1 0 1
16 01 0 1 1 32 2 102 38 2 48
11 1 1 1

Table 6.6: Examples of lattices I'c and I' . obtained from Q(v/—3), p = 3 and C with
generator matrix [I}, A] such that 't is a 3—modular lattice.

6.5.5 K Cyclotomic Field, p Totally Ramified

Let K = Q({p), where p is a prime and r is a positive integer. Then K is CM and the
only prime that is totally ramified is p. We consider p, the prime ideal above p. Now
f=1,n=@p") =pp— 1), where ¢ is the Euler function. Then I'c has discriminant

ANpYN=k)=nN T -1 has discriminant AV p?N ="V and both lattices have dimension nN.

Example 6.15. Letp =5, r =1, k = 2, N = 3, A = (13)". Then I'c has discriminant

8

57!, minimum 2 and kissing number 50. I'crc1 is a 12—dimensional even lattice with

discriminant 5%, minimum 2 and kissing number 60.

Example 6.16. Then I'c has discriminant 7, minimum 2 and kissing number 126. I' ;o1 is

a 18—dimensional even lattice with discriminant 73, minimum 2 and kissing number 126.




Chapter 7

Conclusion and Future Work

The thesis was dedicated to the construction of modular lattices. Three methods were
discussed: construction from number fields, construction from quaternion algebras and
construction from linear codes via generalized Construction A over number fields.

Our starting point was the construction of Arakelov-modular lattices proposed in [6].
We generalized this construction to other CM fields as well as totally real number fields.

The main results include:

e Characterization of Arakelov-modular lattices of trace type over quadratic number

fields;

e Characterization of Arakelov-modular lattices of trace type over maximal real sub-

fields of cyclotomic fields of the form Q(n), where n is not a prime power;

e Characterization of Arakelov-modular lattices over maximal real subfields of cyclo-

tomic fields of the form Q(p") for p an odd prime;

e Characterization of Arakelov-modular lattices over totally real Galois fields with odd

degrees.

The definition of Arakelov-modular lattices is also generalized to totally definite quater-

nion algebras over a number field K. The main contributions are:

e Characterization and classification of Arakelov-modular lattices of level ¢ for ¢ a

prime when K = Q;

e Necessary and sufficient conditions for the existence of Arakelov-modular lattices

when K is the maximal real subfield of a cyclotomic field and has odd degree.
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e Existence conditions of Arakelov-modular lattices when K is a totally real quadratic

field or a maximal real subfield of a cyclotomic field that has even degree.

The third method discussed is a generalized Construction A over number fields, which
constructs modular lattices over a number field K using linear codes. We have done the

following;:

e Compute the generator and Gram matrices for the generic case of constructing over

both totally real number fields and CM fields;

e Prove the modularity of the lattices obtained from generalized Construction A when

K is a quadratic number field;
e Construct examples of lattices and compute their kissing numbers and minimal norms.

Furthermore, using the above generalized Construction A, we construct lattices from LCD
(linear complementary dual) code and study the relationship between such a lattice and its

dual.

The results in this thesis leave several open questions, for example:
e Characterization of Arakelov-modular lattices over Galois fields with even degree;

e Characterization of Arakelov-modular lattices from totally definite quaternion alge-

bras over higher degree number fields;

e Study the modularity of lattices obtained from generalized Construction A over num-

ber fields K with degree bigger than 2;

o A proper definition of “LCD” lattice and the characterization of such lattices.
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